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Chapter 1

Vector Analysis

Problem 1.1
(a) From the diagram, |B + C|cosf3 = |B|cosf; + |C|cos 2. Multiply by |A|.

|A||B + C|cosf3 = |A||B]| cos 01 + |A]|C]| cos 0.

|C|sin 02
So: A-(B+C) = A:-B+ A-C. (Dot product is distributive) 1
Similarly: |B + C|sinf5 = |B|sinf; + |C|sin 2. Mulitply by |A] .
|A||B + C|sinfs; ii = |A||B|sin 61 A + |A||C]| sin 5 fh. b 1B sin 6,
If i is the unit vector pointing out of the page, it follows that =S ' {

AX(B+C)=(AXB)+ (AXC). (Cross product is distributive) IBleosfy |G cosba

(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and

Section 8 (cross product)

Problem 1.2 C

The triple cross-product is not in general associative. For example,
suppose A = B and C is perpendicular to A, as in the diagram.
Then (BxC) points out-of-the-page, and A X(BXC) points down,
and has magnitude ABC. But (AXB) =0, so (AXB)xC =0 #

Ax(BxC). BXC Ax(BxC)
Problem 1.3 z
A=+1%+1y—-12 A=V3:B=1%+1§+1%; B=/3.
B
A-B:+1+171:I:ABCOSQ:\/gx/gcoseﬁcosﬁ:%. A
Yy
0 = cos™! (%) ~ 70.5288°
A
T
Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,

we might pick the base (A) and the left side (B):

A=-1%+29402B=—1%+09+32.
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CHAPTER 1. VECTOR ANALYSIS 5

~

X ¥z
AXB=|-120|=6%x+3y+22.
-103
This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its
length:
IAXB| =36 +9+4="1. ﬁ:%: Sx+29+ 22|
Problem 1.5
X N Z
Ax(BxC) = A, A, A,

(ByC. — B.Cy) (B.C, — B;C,) (B,Cy — B,C,)
f([Ay(B:cOy - Bycx) - AZ(Bsz - B:COZ)] + S’O + i()
Il just check the x-component; the others go the same way)
%(4,B,Cy — A B,Cy — A.B.C, + A, B,C.) +§() + 2().
B(A-C) - C(A‘B) = [B;(A,C; + A,Cy + A.C,) — Co(AyBy + AyBy + A.B)|x+ )+ () 2
=%(A4,B,Cy + A, B,C, — A,B,Cy, — A.B.C;) + §() + z(). They agree.

=l

Problem 1.6
AX(BxC)+Bx(CxA)+Cx(AxB)=B(A:C)-C(A-B)+C(A-B)—A(C-B)+A(B-C)-B(C-A) =
So: AX(BXC) — (AXxB)XC=-BXx(CxA)=A(B-C) - C(A:B).

If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or

one is zero), or else B:C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0.)

Conclusion: ’Ax (BXC) = (AXB)XC <= ecither A is parallel to C, or B is perpendicular to A and C. ‘

Problem 1.7
2 =(4X+6y+82)—(2%+8y+72)=|2%—2y+ 2

2 =A+4+1=3]

~ 2 N N
i [ ep
Problem 1.8

(a) AyB, + A, B, = (cos pA, + sin A, )(cos pBy, + sin ¢ B,) + (—sin pA, + cos pA,)(— sin ¢ B, + cos ¢ B,)

= cos? pA, B, + sinpcos p(A, B, + A.By) + sin® pA, B, + sin® $pAyB, —sin¢cos p(AyB, + A, By) +
cos? pA. B,

= (cos? ¢ + sin® ¢) A, B, + (sin® ¢ + cos® 9)A, B, = A B, + A,B,. v

(b) (A)? + (Ay)? + (A.)? =S} A A =53, (23 1RijAj) (BF_ RikAx) = Bk (BiRijRix) AjAy.

. . . 1if j=k
. 2 2 2 3 P

This equals A7 + Ay + AZ provided | 37_; Rj Ry, { 0if j 4k }
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then X, x (X; R;jRix) AjAr = X; Ri1 R;1, and this must equal 1 (since we
want A +Z§+Zi = 1). Likewise, 33_| RioRj2 = ¥3_ RizR;3 = 1. To check the case j # k, choose A = (1,1,0).
Then we want 2 = X, (X; RijRix) AjAr = X RiuRin + £, RioRio + ¥ Ri1 Rio + ¥ RioR;1. But we already
know that the first two sums are both 1; the third and fourth are equal so ¥; R21R12 =¥; RisR;1 =0, and so
on for other unequal combinations of j, k v In matrix notation: RR = 1, where R is the transpose of R.
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6 CHAPTER 1. VECTOR ANALYSIS

Problem 1.9
Yy 1Y
Looking down the axis: (4 N
x \
z Yy
x’ x
z

A 120° rotation carries the z axis into the y (= Z) axis, y into z (= 7), and z into z (= 7). So 4, = A,

Ay, =A,, A, = A,
001

R=1100
010

Problem 1.10

o = ey = 4, = A
(b) in the sense (A, = —A,, A, = —A,, A, = —A,)

(¢c) (AXB) — (—A)x(—B) = (AxB). That is, if C = AXB, . No minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AxB) — (A)x(B) =
(AXxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a wector.
Angular momentum (L = rXxp) and torque (N = rxF) are pseudovectors.

(d) A-(BXC) — (—A)-((-B)x(-C)) = —A:(BXC). So, ifa = A-(BxC), then a pseudoscalar

changes sign under inversion of coordinates.
Problem 1.11

(a)Vf=22%+3y°y +42°%

(B)V f = 22y32* & + 322224 § + 4a?y323 2

(o)Vf=e"sinylnzx+ e cosylnzy + e*siny(1/z) z

Problem 1.12

(a) Vh =10[(2y — 6x — 18) X + (22 — 8y + 28) §]. VA =0 at summit, so
2y — 6z — 18 = 0 -
2x—8y+28:O:>6a:—24y+84:0}2y_18_24y+84_0'
22y = 66 =y =3 =20 — 24428 =0 =2 = 2.

Top is ’ 3 miles north, 2 miles west, of South Hadley. ‘

(b) Putting in x = -2, y = 3:
h =10(—12 — 12 — 36 + 36 + 84 4+ 12) = | 720 ft.
(c) Putting in z =1, y = 1: VA =10[(2— 6 — 18)% + (2 — 8+ 28) 9] = 10(—22% + 22§) = 220(— K + §).

|Vh| = 2201/2 ~ | 311 ft/mile; | direction:
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Problem 1.13

(2) V(2 %) = @2 +(y—y) +(=2)21%+ 509+ 5:02 = 22— ) X +2(y—y) §+2(: —2) 2 = 2 2
(b) V()= &l a2+ -y + G- 2%+ 5079+ L0 22

—5( f?(x—x’)ﬁ— 10720 —y) 9y - 507520 — )2

072 @ -2)%+ W -y)y+ (-2 =-(1/2 )2 =—(1/2 )2
(@ (2™ =n2 "2~ (Lhor ) =n2 "4 50| V(2 ") =na "l A

Problem 1.14
7 = +y cos ¢ + z sin ¢; multiply by sin ¢: Fsin ¢ = 4y sin ¢ cos ¢ + z sin’ gb
Z = —y sin ¢ + z cos ¢; multiply by cos ¢: Zcos¢ = —y sin ¢ cos ¢ + z cos? ¢.
Add: ysing +Zcos¢ = z(sin2 ¢ + cos? ¢) = 2. Likewise, Jcos¢ — Zsin¢ = y.
So gy = oS ¢; 27 = —sing; 2 07 = sin¢; 2 5= = cos ¢. Therefore
(Vf), = Zf = g;‘ gz + gy; % — +cos¢(V )y +sing(Vf).
(Vf)z = aJZC = a?j ag + 8); gﬁ = —sin ¢(Vf)y +cosp(Vf).
Problem 1.15

(a)Vev, = a%(xz) + 3%(3;322) + %(—sz) =22+0—-22=0.

} So V f transforms as a vector. qed

(D)V-vy = £ (2y) + 55 (2y2) + £ (3x2) = y + 22 + 3a.

(OV-ve = £ (y°) + 5, 2wy + 2%) + £ (2y2) = 0+ (22) + (2y) = 2(z +y)

Problem 1.16

3

+ 2(5) = & [ol? + 2+ )]

Vev = £(E) + &) + 4
+ 2 [y(m2+y2+z2)‘%} +2 { z(2? +y + 2z )‘5}
— — o — —» 5 5 _5 _
N\ =072 +2(=3/2)()7 222 + ()7 > +y(=3/2)() 732y + ()
¥ N +2(=3/2)()722: =3r 3 =3r (@ +y? +22) =3r 3 -3r 3 =0.
This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the
origin. How, then, can V-v = 0?7 The answer is that V.v = 0 everywhere except at the origin, but at the

origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at
that one point, and zero elsewhere, as we shall see in Sect. 1.5.

Problem 1.17

N 2

3

——— o —> —>

Uy = COSPVy +SinPv,; U, = —sing vy, + cos ;.
vy _ Ovy 5vz ; _ (9vy 8y | Ovy 52 dv, Oy dv, 0z . : .
o7 = o7 cos ¢ + G= sing = <8y o0 T o7 o0 cos ¢ + oe oy T o= o9 ) Sin ¢. Use result in Prob. 1.14:
d a . . .
= (& cos ¢ + - Uy smqﬁ) cos ¢ + (6“2 cos ¢ + % sm¢) sin .
v, _ % dUz S — %@ %& 3 v, @ Ov, 9z 9
5 = o7 sino+ G 005(75—_(81, o: T or o5 ) SIno+ (55 + B85 ) 059

0z
= —( 8”’/ sing + & U” cos.(b) smd)—i—( a”Z bm¢+ Uz cosqﬁ) cos ¢. So
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8 CHAPTER 1. VECTOR ANALYSIS

‘9“2 sin ¢ cos ¢ + 8”2 sin? ¢ + ”y sin® ¢ — % sin ¢ cos ¢
817’; sin ¢ cos ¢ —|— d“Z cos? ¢
) vy

:%y (cos ¢ + sin’ ¢)+8v2 (sm ¢ + cos? (i))f o +av2. v

Xy 2
() Vxva= |2 £ £ |=%(0—602) +9(0+22) +5(32> — 0) = | 6zzk +2:9 +3:2. |
2% 3x2% —2xz
Xy 2
(b) Vxvy=|& & & |=%(0-2y)+9(0-32) +2(0—2) =|2y% — 32§ — x|
zy 2yz 3x2

X y 7

() Vxve=|Z 2 2 | =%(22 - 22) +9(0 - 0) + 2(2y — 2y) =[0.]
2
Yy

Problem 1.19

As we go from point A to point B (9 o’clock to 10 o’clock), x
increases, y increases, v, increases, and v, decreases, so Jv, /0y >
0, while Jv,/0y < 0. On the circle, v, = 0, and there is no
dependence on z, so Eq. 1.41 says

Ovy  Ovy

w Y

points in the ’negative z direction‘ (into the page), as the right

hand rule would suggest. (Pick any other nearby points on the
v circle and you will come to the same conclusion.) [I'm sorry, but I
cannot remember who suggested this cute illustration.]

Problem 1.20

v=yk+tay;orv=yzX+azy+ayi; orv= 3222 —-22)%+ 39+ (23 - 3222) 2;
or v = (sinz)(coshy) X — (cosz)(sinhy) ¥; etc.
Problem 1.21

(i)V(fg)z‘(’(fg)HLa(f“’“Jr Mg = (£ +95L) %+ (F32+95) 9+ (£ +95E) 2
f(gEx+By+ % )+g(%ﬁ+g—§y+‘"’—§“)=f(vg)+g(Vf). qed

(iv) V-(AXB) = £ (A4, B. — A.By) + & (A. By — A, B.) + £ (A, B, —AB)
— A 0B g 94y p OBy p 9A. | g 0By L p 0A. g 9B. _ p A,

Y ox Z oz Z dx Y ox Z 9y Tdy T dy Z 9y
9B, 0A, A
+Aw azy + By 821 Y Bzz - BI Bzy

_ oA,  0A . 9A, 94,  aA, 9B, OB
7B$(8y B 3y)+B (82 - 8z)+BZ(31y7 ay)iAI(ay o Bzy)

Ay (% - %) — A, (%2 - 2) =B (VXA)— A-(VXB). qed

A(fA. AfADY & A(fA, AfA)Y & a(fA, A,
(V)Vx(fA):( (Jas) _ o(;z.))XJr( (fAe) _ OUA ))y+< ) _ 04 ))

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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:<faAz+AZay %‘A&%) (fBAT+Axaz f%_AZ%)S’
(f o+ Ay 3L — f2 ayz *AI%)Z
=1 [(% - ) xe (G - )9+ (B - )
~ (4% - 4.9+ (A% - A.80) 5+ (4.8 - 4,%) 5]
= [ (VXA) ~ AX (Vf). ged

Problem 1.22
(a) (AV)B = (A, % + 4,28 + A, 282 ) g+ (4,50 + 4,500+ 4.572) g
+ (4. 352 + 4, 66% + 4,92

(b)yp==1= i/% Let’s just do the x component.

Py A1 1 16} e} 1o} T
[(B-V)E], = 7= (xa TYay t+ ZF) N

- 1{x[;%:4—m( DAp2e] + e [~ hp2y] + 2o -3 ip2e] |

1

T

Same goes for the other components. Hence: | (#V)# =0 |

(¢) (VarV) vy = ( 20 4 3x2? a — 2222 )(myi+2yzy+3xzi)

T T s

=

=22 (yX+09y+322) +322% (X + 229 +02) — 222 (0X + 2y ¥ + 32 2)
= (x2y+3:r2,z2)§<+(6xz3—4xyz)y+(3;322—6;522)2

=|z? (y + 3z2) X+ 22z (3,22 — 2y) v — 32222

S HE- A @t 4a)) = HE- (P44} =2 (ES ) =0

Problem 1.23
(i) [V(A-B)], = 2 (A,B, + AyBy + A.B,) = %2B, 4 A, 28: L % | 4 O

- Oz T Oz Ox Y Ox 8
[Ax(VxB)], =Ay<gA><B>Z—AZ<V><B> = Ay (G — BB=) — A, (%= — BE:)
[Bx(VxA)] =B, (%t — %) - B.(%= - 85;)
0B, 0B,
(A ] (AIaw"'Ayay"'Azaz)B =4 oz + 4y Oy +Az o2
(B ) lo = B + By % + B25

z az
So [AX(VXB)+Bx(VxA)+ (A-V)B + (B V)A],
9B, o5, 9B, oB. 04, 04,
= A5 — Ay A 5r + A +Byax - By %, — B:%; + B. 5

9By %BT 9By A, DA, 0A,
+A$ oz +Ay Oy +AZ Bz +B$ ox +By dy +BZ 9z

= By Oe + A, %8 + B, (% — o +20 ) + A, (5 - Y+
+Ba( %+83Az+§¢ + A (~2f 458 + 3 ) o

= [V(A-B)], (same for y and z)
(vi) [VX(AxB)], = & (AXB). — 5-(AXB), = £ (A, By — AyB;) — 5-:(A.B, — A, B.)

Z@x

- af;;B +A 637/—3“‘1%3 — A, 8AzB — A, 3Bw+ 4B+ A,°2

Z "9y
[(B-V)A - (A-V)B + A(V B) - B(V-A)],

BAT dA, OBy OB, 0B, OB,
_B +B +Bz 6z A93 Oz AU oy _Az Oz +A( + Byy+ )_B(

0z

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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10 CHAPTER 1. VECTOR ANALYSIS

_ 6AL " 94, _ 9A
= B, +Ax( % +§L +2 ay
A (-2 5e) +As (= %) + ( )
[VX(AXB |, (same for y and 2)
Problem 1.24
V(f/g) = (f/g)X+ ay(f/g)Y+ (f/g)
:ga—r f(’)—rx_|_ga1l 37/ + Z
0f 4 4 0f5 o 995 \VETAY
YT AR TR R,
V-(A/g) = F(As/g) + ( y/9) + + £ (Ax/9)
= gat?r _Afam + g 87/ 2A 37J + g%_‘AZ%

g !]
_ 1 OA, _ gV*A—A-V.
B lo(G+ o+ %) - (AaB2+ 4,5 + 4. 3)] = TAZAT geq

[VX(A/g)], = a%(A 2/9) = £ (Ay/9)
g E;L AZGy _ gaéqzy Ay%

g2 g
_ 1 0A, oA dg dg
= o (% - %) - (A5 - 4,5)
I(VXA):+(AXVg)x

g2 (

same for y and z). qed

Problem 1.25

y Z
(a) AXxB= |z 2y 3z|=%(6x2)+3(92y) + 2(—222 — 6y2)
3y =2z 0

b33
<

V- (AXB) = &L (622) + £(92y) + & (—22% — 6y° 24924+0=152
VXA =% <3z>f—<2y>) +3 (2(0) - 26 )+2(0x<2y> 2(2)) = 0; B(VXA) =0
VxB =% (£(0)~ £(-20)) +5 (£3y) — 5(0) +2 (& (-20) - £3y)) = 52 A-(VXB) = ~152

) =
2)

Q’\@ oo

V-(AXB) = B-(VxA) — A(VXB) =0 — (—152) = 152. v
(b) A-B = 3wy — dzy = —zy ; V(A-B) = V(—uy) = L (—ay) + § 5. (—2y) = ~yX — 2§

b4
AX(VXB)= |z 2y 3z | =%(—10y) + §(5z); BX(VXA)=0
0

(A-V)B = (v + 252 +3:2) (3y% — 209) = X(6y) + §(~22)
(B-V)A = (3y% - 2933%) (2% +2y§ +322) = X(3y) + §(—4z)
X(VxB)+Bx(VxA)+ (A-V)B+ (B:V)A
=—-10yX+52y+6yXx—22y+3yx—4dey=-yx—z2y=V-(AB). v
(c) VX(AXB) = % (£ (~22% = 6%) = L(920)) +3 (£(6v2) — (202 — 64%)) +2 (2 (921) — 2 (622))

=%(—-12y — 9y) + §(6z + 42) + 2(0) = —21y X + 10z §

V-A=2(2)+ @(2y) +232)=1+2+3=6; V-B=2(3y) + 8%(—296) =0

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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(B-V)A — (A-V)B+A(V:B) -B(V:A) =3yx —4doy —6yx+22y — 18yx + 122§ = —21lyx + 10z §
=VX(AXB). v
Problem 1.26

2 2
(o) 5 =2 G = G =0 = [V =2

(b) %ZT;' = %ZUTJ’ = 8622 =-T, = ’ V2T, = —3T, = —3sinx sin y sin z‘

() &L = 25T, ; §2x = 16T, ; 2% = 9T, =

(d) Lo =2;2% =0 —0 = Vi, =2

8212 2; Oy —322
Bvliav . o“v 2 . 2 _

3296274* %yzva, 5 =6z = Viy, =6x ’Vv 2x+6xy‘
8v2:8v2:6v270:>v2v2:0

0x? 0y? 022 T
Problem 1.27
_ 0 [ 0v. 9, v, 3 P ov Ovg
V'(VXV)—C’Tx(avy _751)—'_374(81)2 -5+ & (Tf_afl;)
2
= (a%z — P, ) + (a vz _ 9 v’”) + (a vy Ouy ) = 0, by equality of cross-derivatives.

Oz Oy Oy Oz Jy 0z 0z dy 0z 0x Oz 0z
From Prob. 1.18: Vxv, = —622%+229+3222 = V-(VXv,) = £ (—-622)+ £ (22)+ 55 (32%) = —62+62 = 0.
Problem 1.28

-
QO N»

_ O | _ 5[ 0%t 9%t N 9%t 5 (_ 9%t 9%t
VX(Vt)_ %ff %i _X(By(?z_626y)+y(628w_8w82)+z(away_Byaw)
dx dy 0z

=0, by equahty of cross-derivatives.

In Prob. 1.11(b), Vf = 2zy32* & + 322224y + 422y32° 2, so

\&S\ww

v Z
3 0
oz
223 24 3:ry 24 4a?y3 23

= %(3-42%y?2% — 4. 32%y223) + (4 - 22323 — 2 day®23) + 2(2 - 3wy?2t — 3 - 22y22%) = 0. v
Problem 1.29
(a) (0,0,0) — (1,0,0). 2:0 — 1,y =2 = 0;dl = de %; v - dl = 22 da; [v - dl = [y a2 dw = (3 /3)[} = 1/3.

(1,0,0) — (1,1,0). 2 =1,y: 0> 1,2 =0;dl = dy §;v - dl = 2yzdy = 0; [ v - dl = 0.

(1,1,0) — (L, 1,1). z=y=1,2: 0 = 1;dl = dzz;v~d1=y2dz:dz;fv-dl:foldz:z|(1):1.

Total: [v-dl = (1/3)+0+1=

(b) (0,0,0) — (0,0,1). 2 =y =0,2:0— L;dl =dz2;v-dl=y?*dz=0; [ v-dl = 0.
(0,0,1) — (0,1,1). 2 =0,y : 0 > 1,z = L;dl = dy §; v-dl = 2yzdy = 2y dy; [ v-dl = fo 2ydy =y} = 1.
(0,1,1)—>(1,1,1).m:0—>l,y:z:1;dl:dxfc;v-dlza;Qda:;fv-dl:foldex:( 3/3)[8 = 1/3.
Total: [v-dl =041+ (1/3) =|4/3.

(c)x=y=2:0— lyde =dy =dz;v-dl = 2?dx + 2yzdy + y? dz = 2 dx + 22% dx + 2? dox = 422 dz;

[v-dl= [l 422 de = (42°/3)[} =
d) fv-dl=(4/3) - (4/3) =[0.]

e

Vx(Vf) =

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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12 CHAPTER 1. VECTOR ANALYSIS

Problem 1.30
y:0 — 1,z = 0;da = dedyz;v-da = y(z? — 3)dady = —3ydzdy; [v-da = —3f02dxf02ydy =
73(x|3)(§|3) = —3(2)(2) In Ex. 1.7 we got 20, for the same boundary line (the square in the

zy-plane), so the answer is the surface integral does not depend only on the boundary line. The total flux

for the cube is 20 + 12 =

Problem 1.31

JTdr=[ 2% dx dy dz. You can do the integrals in any order—here it is simplest to save z for last:

Jo[f(fx)o]s

The sloping surface is z+y+ 2z = 1, so the x integral is fo(l_y_z) dxr = 1—y—z. For a given z, y ranges from 0 to
1— 2, so the y integral is [\' 7 (1—y —2) dy = [(1 —z) ~*/2)ll (=) = (=2 = [(1-2)*/2] = (1-2)*/2 =
(1/2) — z + (22/2). Finally, the z integral is fo G-z+% dz-fo ——z + 2 )dz-( -
L— 144 =|1/60.

Problem 1.32
T(b)=1+4+2=7; T(a)=0. =|T(b) - T(a) = 7.

(.v

4
-z +5)l=

VT = (22 + 4y)X + (4x + 223)§ + (6y2?)2; VT-dl = (2x + 4y)dx + (42 + 223)dy + (6y2?)d=
(a) Segment 1: z:0 — 1, y=2z=dy =dz=0. [VT-dl = f01(2x dr = x2’(1) =1.
01, 2=1,2=0, de =dz=0. [VT-dl = [} (4)dy = 4y|0—4 PVTdl=1.v
0—1, z=y=1de=dy=0.[VT-dl = fo (62?) dz—223’0—2

Segment 2:

<

Segment 3:

W

(b)Segmentl:z:O%l,x:y:dx:dy:O.fVT-dl:fo( 0)dz =0.
Segment 2: y: 0 — 1, =0, z2=1, de =dz=0. [VT-dl = fo dy72y\0 fbVle*7 v
Segment 3: :0— 1, y=2=1, dy=dz=0. [VT-dl = fo (2z +4) dx a o

= (2® +4a)|, =1+4=5.
()x:0—1, y=x, z=22 dy=dx, dz = 2xdz.
VT-dl = (2z + 4z)dx + (4z + 225)dz + (622*)22 dx = (102 + 142°)dz.
JPVT-dl= [} (102 + 142)dx = (5a® +227)[, =5 +2="T7. v
Problem 1.33

Vev=y+2z+ 3z

[(V-v)dr = [(y+ 2z + 32) do dy dz = ff{foz(y +22 + 31) da:} dy dz
> [(y +22)a + 322]2 = 2(y +22) + 6
= J{J 2y + 42+ 6)dy} az
> [y? + (42 + 6)y] =4+ 2(4z + 6) = 82 + 16

_ 2 — (4,2 2_ _
= [, (82 +16)dz = (42> +162)|, = 16 + 32 =
Numbering the surfaces as in Fig. 1.29:
(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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CHAPTER 1. VECTOR ANALYSIS 13

(i) da=dydz%,x =2. voda=2ydydz. [v-da= [[2ydydz = 2y2|(2) =8.
(ii) da = —dydz %,z = 0. v-da = 0. [v-da = 0.

(iii) da = dxdz §,y = 2. veda = 4zdz dz. [v-da = [[4zdzdz = 16.

(iv) da = —dzdz§,y = 0. veda = 0. [v-da = 0.

(v) da=dxdyz,z=2. v-da=6xdxdy. [v-da=24.

(vi) da= —dxdyz,z =0. v-da=0. [v-da=0.

= [veda=8+16+24 =148 v

Problem 1.34

Vxv=%0-2y)+§(0—-32)+2(0—2) =—-2yXx—32y —xZ.
da = dy dz X, if we agree that the path integral shall run counterclockwise. So
(Vxv)-da=—2ydydz.

J(vxv)-da = [{[3(~2y)dy} dz A
ST = (2 2)? 2
= 7f02(474z+22)dz:7 (4zf2z2+§)‘z \\9\
=-(8-8+8) =] N

Meanwhile, v-dl = (zy)dz + (2yz)dy + (3z2)dz. There are three segments. ¥

Dax=2=0;dr=dz=0.y:0—2. [v-dl=0.
(2)z=0; 2=2—y; de =0, dz = —dy, y:2— 0. v-dl = 2yzdy.
2
Jvedl= [} 2y(2 = y)dy = — 5 (4y = 29)dy = — (2% — 39*)|; = — (8 —
B)z=y=0;de=dy=0; 2:2—0.v-dl=0. [v-dl=0. So §v-dl=-%.

N\ i

Problem 1.35
By Corollary 1, [(Vxv)-da should equal 4. VXv = (42% — 22)% + 22 2.

(i) da=dydz%, x=1; y,2:0— 1. (Vxv)-da= (422 — 2)dydz; [(VxvV)-da= f01(4z2 —2)dz
=320l =4 2= 2

(i) da = —dzdyz, z=0; z,y:0— 1. (VXv)-da=0; [(VXv)-da=0.

(iii) da=dadzy, y=1; z,2:0— 1. (Vxv)-da=0; [(VXv)-da=0.

(iv) da= —dadzy, y=0; ,2:0— 1. (Vxv)-da=0; [(Vxv)-da=0.

(v)da=dxdyz, 2=1; 2,y:0— 1. (VXv)-da=2dxdy; [(VXv)da=2.

= [(Vxv)da=-2+2=4% v

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
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14 CHAPTER 1. VECTOR ANALYSIS

Problem 1.36

(a) Use the product rule VX (fA) = f(VXA)—Ax (Vf):

/Sf(VxA)~da/SVx(fA)~da+/S[A><(Vf)]odajionler/S[Ax(Vf)]oda. qed

(I used Stokes’ theorem in the last step.)

(b) Use the product rule V-(A xB)=B-(VxA)—-A-(VXB):

/VB.(VxA)dT—/VV.(AxB)dT+/VA~(VxB)dT—j{S(AxB).da+/vA~(V><B)dT. qed

(T used the divergence theorem in the last step.)

Problem 1.37 |r = /22 + 42+ 22; 6 =cos™! (W) ;¢ =tan"' ().

Problem 1.38

There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry
from Fig. 1.36. The most systematic approach is to study the expression:

r=zX+yy+zz=rsinfcos¢pX+rsinfsin¢y -+ rcosbz.

If T only vary r slightly, then dr = 5’; (r)dr is a short vector pointing in the direction of increase in r. To make
it a unit vector, I must divide by its length. Thus:

or o Or
i R )
or o0 6
g::sin@cos¢>”<+sin@sin¢y+c0892; |%’2:sin290052¢—|—sin2esin2¢+00520:1.
gg:rcosGCOS(bfc—i—rcosesincf)y—rsinﬁi; ‘%2:T200829COSQ¢+T2C08298in2¢+T28in2927“2.
g; = —rsinfsingpX + rsinfcos ¢ y; |g—; ’ = r2sin? @ sin? ¢ + r2sin? 0 cos? ¢ = r2sin? 6.

Tt =sinfcospX+sinfsinpy + cos b z.

= |0 = cosfcospX+ cosfsing § —sinf 2.
¢ =—sinpX+cosoy.
Check: - = sin? §(cos® ¢ + sin® ¢) + cos? § = sin® f + cos?0 =1, v

é-(ﬁ = —cosfsin¢cos o + cosfsingpcosp =0, v etc.

sinft = sin? § cos % + sin? fsin ¢y + sin 6 cos 6 Z.
cosf 0 = cos?HcospX + cos? Osinpy — sinf cos 6 z.

Add these: R
(1) sinff+cos0 O =+cospX+sindy;
(2) ¢ =—singX +cosdy.

Multiply (1) by cos ¢, (2) by sin ¢, and subtract:

ﬁ:SiHQCOS¢f+COSQCOS¢é7Sin¢(ﬁ.

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
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CHAPTER 1. VECTOR ANALYSIS 15

Multiply (1) by sin ¢, (2) by cos ¢, and add:

y :sin@singbf‘—i—cos@singbé—l—cosgbqg.

cosff = sinfcostlcospX + sinf cosfsing y + cos? 0 3.
sin# @ = sin # cos f cos X + sin 6 cos @ sin ¢ § — sin® 0 .
Subtract these:

Z :COSGf‘—siHQé.‘

Problem 1.39

(a) Vevy = 702870( r?) 14r3:4r
[(Vevy)dr = [(4r)(r2sin 0 dr d6 de) = (4) [ r3dr [T sin0do [37dp = (4) (RT) (2)(27) = 47R* |
[vi-da= [(r*f)-(r*sinfdf d¢t) = r fo sin 6 d@ fowd(b =47 R* v (Note: at surface of sphere 7 = R.)

(b) Vovy = L2 (r24) =0 = ]f(v.VQ)dT — o\

[vorda= [(5%) (r2sin0df dot) = [sinfdfde = [4r.]
They don’t agree! The point is that this divergence is zero except at the origin, where it blows up, so our
calculation of [(V-vy) is incorrect. The right answer is 4.

Problem 1.40

_ 1.0 ,2 1 1
Vv = T—za—(r rcosf) + Tsmeao(sm%"smﬁ) rsmoa¢(r5m9005¢)
= r2 3r2 cos@—i—Tsm9r2sm90059—|—Tsinersmﬁ(—smqﬁ)

3cosf+2cosf —sing = 5cosf — sin ¢

[(V-v)dr = [(5cos6 —sin¢) r?sinf drdf dp = fOR r?dr fO% UO%(B cos f — sin ¢) dqﬁ} dfsinf
—2m(5cos )

( )(1O7r)f sin # cos 0 df

=
c_>sin2t9 2 _

1
2 0 2

_ | 57 p3
=| 3RS,

Two surfaces—one the hemisphere: da = R%2sinfdfd¢t; r=R; ¢:0— 2w, 0:0 — 5
[v-da= [(rcosf)R?sinfdfdp = R® fog sin 0 cos 6 d f d¢ = R (1) (2m) = nR3.
other the flat bottom: da = (dr)(rsinfd¢)(+6) = rdrdp (here § = Z). r:0 — R, ¢:0 — 27
o R 271' . R3
Jv-da= [(rsin)(rdrdg) = f ridr [[7 d¢ = 2r -
Total: [v-da=nR*+ 27R% = 27R3. v

Problem 1.41 | Vi = (cos  + sin 6 cos ¢)# + (— sin 6 + cos 0 cos ¢)8 +

V2t = V-(Vt)
= %2% (r?(cos 0 + sinf cos ¢)) + rsfnege (sin §(—sin @ + cos  cos ¢)) + Tsfn08¢( sin ¢)
= %22 (cosf + sin 6 cos ) + ——(— 25in 0 cos § 4 cos? f cos ¢ — sin”  cos ¢) — M}ngcosqﬁ
= m[2sm90036—|—2sm 0 cos ¢ — 2sin @ cos § + cos? 0 cos ¢ — sin? @ cos ¢ — cos ¢
—L_ [(sin® 0 + cos? 0) cos ¢ — cos ¢] = 0.

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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16 CHAPTER 1. VECTOR ANALYSIS

=[v2 =0

Check: rcosf = z, rsinfcos¢ =z = in Cartesian coordinates ¢ = x + z. Obviously Laplacian is zero.

Gradient Theorem: f; Vi-dl = t(b) — t(a)
Segment 1: 0 = 5, ¢ =0, r:0— 2. dl =drt; Vt-dl = (cos +sinbcos¢)dr = (0 + 1)dr = dr.
[Vtdl= [dr=2.

Segment 2: 0 =5, r=2, ¢:0— 3. dlzrsin9d¢$:2d¢¢3

Vi-dl = (—sing)(2dp) = —2singdg. [Vi-dl = —foz 2sinpdgp = 2 cos ¢|0% =
Segment 3: 7 =2, ¢=75; 0: 5 — 0.

dl=rdf@ =2d08; Vit-dl = (—sinf + cos b cos §)(2df) = —2sin b df.

JVtdl =~ [ 2sin0d0 = 2cos 03 = 2.
Total: [° Vit-dl =2 —2+2=2] Meanwhile, t(b) — t(a) = [2(1 +0)] — [0( )] = 2. v/

Problem 1.42 From Fig. 1.42,|§ =cos¢pX +sin¢y; (;zAS =—singX+cosopy; z=12

Multiply first by cos ¢, second by sin ¢, and subtract
Scos¢p — d)sm(;ﬁ =cos? pX + cospsingdy +sin? ¢k —singcospy = (sm ¢+ cos? ¢) = R.
So | % = cos 8§ — sin ¢ .

Multiply first by sin ¢, second by cos q[), and add:
§sin ¢ + ¢cos¢ =singcospX +sin?py —sinpcospx + cos> oy = y(sm ¢+ cos? ¢) =
So |y = sin 8 + cos ¢ . 7z =17.
Problem 1.43
(a) Vv = iaas (s s(2 + sin ¢)) + %ai(s sin ¢ cos @) + %(32)
= 125(2 +sin® ¢) + 2 s(cos® ¢ — sin® ¢) + 3
= 4—}—25111 ¢ + cos? (;5 sin ¢+3
= 4 +sin® ¢ + cos? ¢+3—

(b) [(V-v)dr = [(8)sdsdpdz =8 [ sds [F d [ dz = 8(2) () (5) = [40m.
Meanwhile, the surface integral has five parts:
top: z =5, da= sdsd¢z; v-da=3zsdsdp=15sdsdp. [v-da=15 f02 sds [ dp = 15m.
bottom: z =0, da= —sdsdpz; v-da= —3zsdsdp =0. [v-da=0.
back: ¢ = 7, da = dsdzqﬁ; v-da = ssingcospdsdz =0. [v-da=0.
left: ¢ =0, da = —dsdz ¢; v-da= —ssingcos¢dsdz =0. [v-da=0.
front: s =2, da = sdpdz8; v-da= s(2+sin® ¢)sdpdz = 4(2 + sin” ¢)dep dz.
Jveda=4[F(2+sin? ¢)d [; dz = (4)(r + T)(5) = 25.
So §v-da = 157 + 257 = 40m. v/

(c) Vxv = (%8—(32) 2 (ssin¢cos rj))) S+ (£ (s(2+5sin”¢)) — Z(32)) )

9
@
+1 (as (s smqﬁcosqS) ( (2 + sin® ¢)))
= % 23s1n¢cos¢—8281n¢COS¢)Z_

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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Problem 1.44

(a) 3(3%) —2(3) —1=27—6—1=20.]
(b) cosm =

(c)

(d) In(-2+43)=Inl =

Problem 1.45

(a) J%5(22 + 3)§0(x) do = (0 +3) =

(b) By Eq. 1.94,5(1—3:):5(33—1),801+3+2:
o) [, 92 L 5w+ 3 de =9 (-1)* L = [1)

d) |1 (ifa>1b),0 (ifa<b).|

Problem 1.46

a) [7 f(2) [z 70()] dx = x f() f_oo 2 (2 f(2)) ( )
The first term is zero, since §(z ) = O at +o0; & (2 f()) = mdw + Zif xdgﬂ + f.
So the integral is — [~°_ (l‘% + f) §(x)dr =0— f(0) = — =— [ f(2)é(z)da.

So, m%é(z) = —0(z). qed

b) foo f dedl“— f($)9($)\iooo— " b(@)de = f(oo) — [i¥ dhdx = f(o0) — (f(o0) — £(0))
f_ §(z)dz. So % =5(z). qed

Problem 1.47
() [ plr) = @0°(x — 1), Check: [p()dr = q [6%(x — ') dr = q. v

b) | p(r) = 40°(r — a) — ¢8°(r). |
(¢) Evidently p(r) = A§(r — R). To determine the constant A, we require
Q= [pdr = [AS(r — R)dnr?dr = A4rR?.  So A= ;% |p(r) = 1 %:0(r — R).

Problem 1.48

(a) a®> +a-a+a? :

(b) f(r — b)2 & d3(r) dr = tLsb? = 15 (42 + 3%) =

(c) > =25+9+4=38>36=62 so cis outside V, so the integral is

(d) (e— (28 +29+22)> = (18 +09+(-1)2)° =1+1=2< (1.5)2 = 2.25, s0 e is inside V,
and hence the integral is e-(d —e) = (3,2,1)-(—2,0,2) = -6+ 0+ 2 =

Problem 1.49
First method: use Eq. 1.9 to write J = [e" (476%(r)) dr = 4me™0 =
Second method: integrating by parts (use Eq. 1.59).

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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18 CHAPTER 1. VECTOR ANALYSIS

iy —r —r r —r 9 —r\ 4 —ra
J = —/r—2~V(e )dT—i—f@ ﬁ'da' But V(e ): (87’6 )r:—e .
y S

. A R

= /726_7"471'7"2 clr—i—/e_’ai2 -rzsin9d9d¢f:47r/e_rdr—i—e_R/sinGded)

r
0
= 47 (—e_") |§' +dre B =4r (—e_R + e_o) +d4re B =dr.v (Here R=o0, soe ft = O.)

Problem 1.50 (a) V-Flza%(())—i-%(())—i-%(x?):@; V-FZ:%—kg—z—i—%:l—l—l—i—l:
Xy z P Xy z
— |9 0 9| _ _ =2 (22)=|_9,% — |8 9 9| _
V= R ¥ 5y (%) =[ 209} VxFa= % % 7 = o]

F is a gradient; Fy is a curl‘ U; = % (333 +9%2 4+ 22) would do (Fg = VUs).
3

0Ay A\ _ (0A, _ 9A:\ _ - 0Ay, _ 9A, _ .2 — — — i
ForAl,Wewant<W—ay)—(az az)_()? B B =T Ay =%, A, = A, = 0 would do it.

A = %x2§l (F1 = VXAj). (But these are not unique.)

- Xy z

(b) V-F3 = %(yz)Jra%(xz)wL%(xy) =0; VxFz=|2 6% Ll=%@@—2)+yy—y) +2(z—2)=0.
Yz Tz TY

So F3 can be written as the gradient of a scalar (Fg = VUs) and as the curl of a vector (F3 = VXAg). In
fact, does the job. For the vector potential, we have

DA, 0A,

o — 5% = yz, which suggests A, = %sz + f(z,2); Ay = —%yz2 +g(x,y)
aa; — % = xz, suggesting Ay = 1220+ h(z,y); Ao =—207 +j(y, 2)
% — 854; =y, SO A, = iny +k(y,2); Ay = —ia:y2 +l(x, 2)

Putting this all together: | Az = 1 {z (22 —y?) &+ y (22 — 2%) § + 2z (y* — 2?) 2} | (again, not unique).

Problem 1.51
(d) = (a): VXF=VX(—=VU)=0 (Eq. 1.44 — curl of gradient is always zero).
(a) = (c): §F-dl= [(VXF) -da=0 (Eq. 1.57-Stokes’ theorem).
b b b a
()= (b): [P F-dl— [P F-dl=["F.-dl+ [ F-dl=§F-dl=0,s0

all
b b
/ F~d1:/ F-dl
a | a II

(b) = (c): same as (¢) = (b), only in reverse; (¢c) = (a): same as (a)= (c).
Problem 1.52

(d) = (a): V.F=V(VXxW) =0 (Eq 1.46—divergence of curl is always zero).
(a) = (¢): §F-da= [(V-F)dr =0 (Eq. 1.56—divergence theorem).

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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CHAPTER 1. VECTOR ANALYSIS 19

()= (b): ;F-da— [,,F-da=§F-da=0,so

/F~da:/ F - da.
I II

(Note: sign change because for § F - da, da is outward, whereas for surface II it is inward.)
(b) = (c): same as (c) = (b), in reverse; (¢)= (a): same as (a)= (c) .
Problem 1.53
In Prob. 1.15 we found that V.v, = 0; in Prob. 1.18 we found that VXv. = 0. So
’VC can be written as the gradient of a scalar; v, can be written as the curl of a vector. ‘

(a) To find ¢:

(1) & =92 =t =92z + f(y,2)
(2) 8 = (2zy +2°)

(3) 9t =2yz

From (1) & (3) we get %=2yz:>fzy22+g(y)=>t:y2x+yzz+g(y),so%:2xy+z2+g—g:

22y + 22 (from (2)) = g—z = 0. We may as well pick g = 0; then

. oW,  OW, 92 W, W, _q.2 . W, oW, _
(b) To find W: oy oL =17 Sge 5 = 32°x; o By = —222.

Pick W, = 0; then

oW, 3
Eralie 3z =W, = —53:222 + f(y, 2)
ow,
8a:y = —2xz = W, = —222 + g(y, 2).
aTv?_agzy Z%—i—xz—%:ﬂ:%—%:o. May as well pick f =g = 0.
W =222y — 32222 2.
X 3y Z
Check: VxXW =|g & & |=%(2?)+y (322%) +2(—222).v
0 —z2z 7%35222

You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some
other solutions:

W =z23% — 2229,
W = (2zyz + 22%) X + 2%y 2;

W =zyzx — %x%y + %1’2 (y — 322) Z.
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20 CHAPTER 1. VECTOR ANALYSIS

Problem 1.54

%2 L 9 (—7“2 cos f sin ¢)

1 0 ,. 9
il (sm&r COS(b) + rsin@@Tb

2 2
(r " COSQ)_'_rsinQ@Q

9
or

1
= —247“3 cos 6 + cos O r? cos ¢+ (—7‘2 cos 0 cos qb)
r

rsin 6 7sin 6

= r(.:ose [4sin 6 + cos ¢ — cos ] = 4r cosb.
sin 0

w/2 /2

R
/(V-v) dr = /(47"0059)7“2 sin9drd9d¢=4/7‘3dr/cos@sin@d@/dqb
0 0

- @) (3) (5) - [

Surface consists of four parts:
(1) Curved: da = R*sin0dfd¢®; r=R. v-da= (R*cosf) (R?sinfdfds).

w/2 /2

da= R - g (L) () 22
/v da=R /cos951n9d9/ dp=R (2 (2)— 1
0 0

(2) Left: da= —rdrdf¢; ¢ =0. v-da= (r?cosfsing)(rdrdf)=0. [v-da=0.
(3) Back: da=rdrdf¢; ¢ =r/2. v-da= (—=r?cosfsing) (rdrdf) = —r3 cos 0 dr db.

i e 1 1
/v-da: /r‘q’dr / cosfdf = — <4R4> (+1) = —1R4.
0 0

(4) Bottom: da =rsinfdrdp@; 0 =7/2. v-da= (r?cos ¢) (rdrde).

R w/2 .
/v~da:/7“3d7“/cos¢d¢:1R4.
0 0
TOtal:fv'da:WR4/4+0—iR4+iR4:”TR4. v
Problem 1.55
Xy z
VXv = %8%% =z(b—a). So f(VXV)-da:(b—a)yrRQ.
ay br 0

v-dl=(ayk+bzy) (dek+dyy +dzz) = ayde + bz dy; 2% +y*> = R? = 2zdx + 2ydy = 0,

sody =—(z/y)dx. So v-dl=aydx+bx(—z/y)dx = % (ay? — ba?) da.
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For the “upper” semicircle, y = vVRZ — 22, so v - dl = % dx.
_RaR2 — (a+b)z? 9 . 1 (T x R /= -
/v-dl = / de: {aR sin (E) —(a+0) [—2\/m+ — sin <R)}} .
R
= %RQ(a —b)sin~!(x/R) - = %R2(a —b) (sin”!(=1) —sin~(+1)) = %RQ(Q —b) (—g - g)
+R
= %WRQ(b —a).

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so
$v-dl=nR*b—a). v

Problem 1.56

(Dz=2=0dr=dz=0; y:0—1. v-dl=(yz?)dy=0; [ v-dl=0.

(2)x=0; 2=2-2y; dz = —2dy; y:1—0. v-dl=(yz?)dy+By+2)dz =y(2—2y)*dy— (3y+2—2y)2dy;

0
4 493 2
1

O 14

2 3 2 .3

B)zx=y=0;de=dy=0; 2:2—0. v-dl=3y+2)dz = zdz;

Total:fv-dle—i—%— = %.

Meanwhile, Stokes’ thereom says ¢ v - dl = [(V Xv) - da. Here da = dydz X, so all we need is
(VXv), = 8%(3y +2) — 2 (yz?) =3 —2yz. Therefore

/(VXV) -da = //(3—2yz) dydz = /01 [/OQ_Qy(3—2yz) dz] dy

1 1
= / [3(2 —2y) —2y3(2—2y)*] dy = / (—4y> + 8y* — 10y + 6) dy
0 0

1
= (—y4+%y3—5y2+6y)‘0=—1+§—5+6=§./

Problem 1.57
Start at the origin.

(1) 0=3%, ¢=0;7:0—>1. v-dl=(rcos?6)(dr)=0. [v-dl=0.

/2
(2)r=1,0=%; ¢:0—>7/2. v-dl=(3r)(rsinfd¢) =3dp. [v-dl=3 [ dp= 3.
0
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(3) ¢=73; rsinf =y=1,s0r =, dr=_35cos0df, 6:% — 0y =tan™*(1/2).
) cos2 0 cosf cos @ sin
A\ dl = (T COS2 0) (d'f') — ('r COSGS]H@)(T‘ d@) = Sine (—Sln20) — m dg
cos®0  cosf cosf [ cos? 0+ sin®0 cos
= — df = — df = — de.
(sin30 + sin@) sin 6 ( sin® 0 ) sin® 0
Therefore
T cost 1 |% 1 1 501
cos
cdl = — df = = - =—-—-=2
/V //2 sin® @ 2sin®0|,,, 2-(1/5) 2-(1) 2 2

4)0=0y, ¢=":7:v5—=0. v-dl=(rcos?8) (dr)= 2rdr.
2 5

0
2
/v~dl:é/rdr:ér—
5 52

V5

0

Total:

]{V-dl:O+3§+2—2: 3

Stokes’ theorem says this should equal [(VXxV) - da

1 (o, 9, P B S AN DA ¢ j
VXV = ey {ae(smﬂ?)r) — a(é(rsm@cos@)] T+ - [sin98¢ (TCOS 9) - E(T?””) 0
1[0 . 0 2 "
+; Lﬁ(—rrcos@sm@)— %(TCOS 9)} o}

= 1 [3TCOS€]f‘+1[767’]@4’1[727’C0898in0+27’COS€Sin0](£
rsind r r
= 3cotOF — 6.
(1) Back face: da= —rdrdf¢; (Vxv)-da=0. [(Vxv)-da=0.

(2) Bottom: da = —rsin@drdp@; (Vxv)-da=6rsinfdrdp. 6 = 5,50 (VXV)-da=6rdrdp

1 w/2
/(VXV)-da:/6rdr/d¢:6-
0 0

DO =
[V
N

Problem 1.58
v-dl=ydz.

(1) Left side: z =a —x; dz = —dx; y =0. Therefore [v-dl=0.

(2) Bottom: dz=0. Therefore [v-dl=0.
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2

0
(3) Back: z=a—1y; dz=—1/2dy; y:2a—0. [v-dl= [y(-3dy)=—-3%L
2a

Meanwhile, VXv =%, so [(V XV) - da is the projection of this surface on the zy plane = % -a-2a = a®. v

2
Problem 1.59

10,45 ,. 1 9 . 2 9
Vv = T—Qa— (r r smﬁ) —i—m% (sm94r 0059) sn08¢ (7“ tan@)
. r . .
= —47“ sm@—i— 947“ (00829—51112 9) = 500 (sm 6 + cos? 6 — sin? 9)
B rCOb 29
o sinf
2 P 7 0 sin20]|"°
/ (Vov)dr = / 4= (7 sin 0 dr d dgy) = / 453 dr / cos? 0 df / dp = (RY) (27) |2 + =
sin 6 2 4 0
0 0 0
_ 4 ™  sin60°\  wR* @ [ xrt
= 27R (12 1 >_6 T+35 ) =" (2m + 3v3).

Surface coinsists of two parts:

(1) Theice cream: r = R; ¢: 0 — 2m; 0 :0 — 7/6; da = R?>sin0df dp #; v-da = (R2 sin@) (R2 sin&d@dgb) =

R*sin? 0 d6 do.

/6

/6 4

1,1 1 TR V3
4 4 I _ 4 _ = _

/Vda—R /sm 9d9/d¢ (RY) (2 )[29 4sm29} =21R <12 4511160) 5 <7r 3
0

0

(2) The cone: 0 =%; ¢:0—2m; r:0— R; da=rsinfdpdré :73rdrd¢é; v-da=/3r3drde
i V3
/v da—\[/ /dgb \[ 271'—73 R*.

Thereforefv~da:”7m(g—73+\/§):7%4(27r+3\/§). V.

Problem 1.60
(a) Corollary 2 says ¢(VT)-dl = 0. Stokes’ theorem says ¢§(VT)-dl = [[Vx(VT)]-da.So [[VX(VT)]-da=0,
and since this is true for any surface, the integrand must vanish: VX (VT) = 0, confirming Eq. 1.44.

2

(b) Corollary 2 says ¢(V xv)-da = 0. Divergence theorem says §(Vxv)-da= [ V-(Vxv)dr.So [ V-(VXv)dr

= 0, and since this is true for any volume, the integrand must vanish: V(V xv) = 0, confirming Eq. 1.46.

Problem 1.61

(a) Divergence theorem: ¢ v -da = [(V-v)dr. Let v = ¢T', where c is a constant vector. Using product
rule #5 in front cover: V-v = V-(cT) =T (V-c)+c-(VT). But c is constant so V-c = 0. Therefore we have:
[e-(VT)dr = [Tc - da. Since c is constant, take it outside the integrals: ¢- [ VI'dr = ¢ - [T da. But c

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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24 CHAPTER 1. VECTOR ANALYSIS

is any constant vector—in particular, it could be be X, or §, or Z—so each component of the integral on left
equals corresponding component on the right, and hence

/VTdT: /Tda. qed

(b) Let v — (v x ¢) in divergence theorem. Then [ V-(v x ¢)dr = [(v x c) - da. Product rule #6 =
Vi(vxc)=c-(VXxv)—v-(Vxc)=c-(Vxv). (Note: VXc =0, since c is constant.) Meanwhile vector
indentity (1) says da- (v xc) =c-(dax v) = —c- (v xda). Thus [c-(Vxv)dr =— [c- (v x da). Take ¢
outside, and again let ¢ be X, ¥, Z then:

/(VXV)dT: f/vxda. qed

(¢) Let v = TVU in divergence theorem: [ V-(T'VU)dr = [TVU -da. Product rule #(5) = V-(T'VU) =
TV-(VU)+ (VU) - (VT) =TV?U + (VU) - (VT). Therefore

/ (TV2U + (VU) - (VT)) dr = / (TVU)-da. qed

(d) Rewrite (¢) with T« U : [ (UV?*T + (VT) - (VU)) dr = [(UVT)-da. Subtract this from (c), noting
that the (VU) - (VT) terms cancel:

/ (TV?U — UV?T) dr = / (TVU —UVT) -da. qed

(e) Stokes’ theorem: [(VXv)-da= §v-dl Let v=cT. By Product Rule #(7): VX (cT) =T(Vxc)—
¢ x (VT) = —c x (VT) (since c is constant). Therefore, — [(c x (VT))-da = ¢ T'c-dl. Use vector indentity
#1 to rewrite the first term (¢ x (VT))-da=c- (VT xda). So — [¢- (VT xda) = § c-Tdl. Pull c outside,

and let ¢ — X, ¥, and Z to prove:
/VTxda:fdel. qed
Problem 1.62

(a) da = R%sin 0 df d¢ #. Let the surface be the northern hemisphere. The % and § components clearly integrate
to zero, and the Z component of ¥ is cosf, so

sin® 6

e

0

/2
a:/stinﬂcosﬁdegbZ:27rR22/ sinfcosfdf = 2rR* %
0

(b) Let T'=1 in Prob. 1.61(a). Then VI'=0,s0 §da=0.  qed

(¢) This follows from (b). For suppose a; # as; then if you put them together to make a closed surface,
fda=a; —ay #0.

(d) For one such triangle, da = $(r x dl) (since r x dl is the area of the parallelogram, and the direction is
perpendicular to the surface), so for the entire conical surface, a = % f r x dl.

(e) Let T = c - r, and use product rule #4: VI' = V(c-r) = ¢ x (VXr) + (c- V)r. But Vxr = 0, and
(c-V)r= (cz% + Cya% + 02%)(:5)2 +yy+22)=cyX+cyy +c.Z=c. So Prob. 1.61(e) says

}{le:f(cm)dl:f/(VT)xda:f/cxda:fcx/da:fcxa:axc. qed
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Problem 1.63
(1)

1 1 1
Vv = —22 (7"2 : ) = —g(r) =|%.

For a sphere of radius R:

[v-da=[ (% #) - (R*sinfdfd¢t) = R [sin6df d¢ = 4w R.
So divergence

[(V-v)dr = [ (&) (r*sinfdrdf do) = (fRdr> ([sin@df d¢) = 4nR. ( theorem checks.
0

Evidently there is no delta function at the origin.

n o 1 a n 1 a n 1 n n—
VX (1" 8) = o (1Pr") = S (72) = S+ 2 = (n 4 2)r

(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 476%(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
Prob. 1.61(b): If VX(r"#) = 0, then [(VXv)dr = 0 < —¢vxda Butv = r"f and da =
R?sinf0dfd¢t are both in the # directions, so v x da = 0. v’

Problem 1.64
(a) Since the argument is not a function of angle, Eq. 1.73 says

-8 [ (D] vt et
4rr2 dr 2) (r2 4 €2)3/2 4r2 dr | (r2 + €2)3/2
1 3r? 3 r2r 1 3r?

T 42 [(7"2+e2)3/2 N 2(T2+62)5/3:| T dmr? (2 4 €2)5/2

(r* +€ —r?) 23—62 v
dm(r2 4 €2)5/2°

(b) Setting r — 0:
3e2 3

D(0,€) = dwed  4med’

which goes to infinity as € — 0. v/
(¢) From (a) it is clear that D(r,0) = 0 for r # 0. v/

(@ 2
1
D Anr? dr = 2/ T =32 (=) =1
/ (r,€)dmr dr = 3¢ . Ity dr = 3¢ 3 v

(I looked up the integral.) Note that (b), (c), and (d) are the defining conditions for §3(r).
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