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CHAPTER 1

NON-RELATIVITY FOR RELATIVISTS

1.1 The spherical polar base vectors have been parallel-transported to the origin in Figure
1.3.

(a) e, is projected along, by multiplying first bycos ¢ and then byin 6. Similarly,e, is
projected alon@, by multiplying first bysin ¢ and then byin 6. Finally, e, is projected
alonge,. by multiplying bycos 6. This constructs the first row of the matrix (1.17). Note
thate,. is indeed a unit vector.

The second row follows by observing that is at an angle below the XY plane and
the plane defined bg,. andey intersects the XY plane along the indicated dashed line.
Hencee,, e, are resolved alongy by cos ¢ cos 6 andsin ¢ sin 0, respectively, whiles,
requires the factor;- sin 6.

The third row simply states that, is in the XY plane at an angl¢to the Y axis.

(b) The transpose @ is,

sin¢sinf sin¢cosf cos @
cos —sinf 0

[l

(cos¢5s1110 cos ¢ cos 0 —sind))
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2 NON-RELATIVITY FOR RELATIVISTS

Hence,

(§§)Z = giksk} = 4,

j J

by direct matrix multiplication. That is,

Ss=1
Consequently, from part (a)
e, [ e
€, =S| e
e, €

as required. Note that upper indices indicate rows and lower indices indicate columns.

(c) We have in terms of physical components in spherical polars

A = A(r) e, + A(g) ey + A(¢) /é(z)

But
e. = Sie,, €& = S%e,, &, = Sie,,
Thus
Ay =€ -A = S'e,, - A = S\A,
Ay =€ A = S%,, - A = %A,
Ag) = €A = S, - A = 554,
and so
Apy A,
Ag | =8| Ay
Ag) A,

Evidentlyg gives the inverse result by matrix multiplication as per |flayt

1.2 (a) From Problem 1.1(a) we have, with the usual notation
r =rSie,,

Hence by Equation (1.15) and the preceding problem

1~ ~
e = 5,¢€;, =€,
oSt ~

€y = 7"789 €x, = T€y
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by direct differentiation and takingy, from the result of Problem 1.1(a). Similarly

a8, PN
ey =T 90 e, = rsinfey
Thus
e, e,
€9 = 7“69
ey rsinfey

which is the same as Equation (1.20).
(b) We see thatll(,y = dr, d{y = rdf, anddl 4 = rsinfdé. Consequently, by the
result of part (a)g, = 3158:) .

13 We assume a s’} such thae’ - e; = ¢’; and a se{n’} such tham’ - e; = &';.

Hence by subtraction(e’ — n’) - e; = 0 for all i, . This means that the difference of
every pair of reciprocal base vectors is orthogonal to every base vector and therefore must
be zero.

1.4 In Equation (1.24) we use the gradient in spherical polars as

.0 e 0 e; O
v_e’“ar+ r89+7‘sin¢>8¢

Hence

e =vh= &
r
rsin 6

From Equation (1.22) and Problem 1.2(a)

ep Neg r?sinfeg Ae, .
e = = - =e,
e (eg Ney) 72 sin 6

o esNe. rsinfe,Ae. €

r2sin @ r2sin 6
e¢7er/\e97r/e\r/\’égi /é¢
r2sin 0 72 sin rsin 6
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4 NON-RELATIVITY FOR RELATIVISTS

15 Theinverse mapping given acknowledges tHat,)’, 2’ are measured along linearly
independent directions. Hence by Equation (1.15)

or .
€ =55 =6
or ~
ey = —— =¢€,cos 3 +ey,sinf
oy’
or
e, = % =€, Cos«

By Equation (1.24) and the inverse of Equation (1.26), namely

x! T —ycot B
y | = yesc 3
z zsec o

/
x

e’ =e, —cotfe,

then

/ ~
e’ =cscfe,
’

e* =secae,

Hencee® ‘e, = 1,e¥ -e, = 1,e -e, = 1, and the other three pairs are zero.
Y

1.6 Problem 1.1(c) allows us to write for the Cartesian components of the position vector

r=re,
T r cos ¢ sin 6
y = rsin ¢ sin
z 7 cos 6
Hence by (1.30) ({12, 3} corresponds t¢r, 6, ¢})
oz 2 dy 2 02\ 2
g’“’”‘(m) +<ar> +(ar) -
fow 2+ dy 2+ 02 2_ ,
990 =\ 20 a0 ) ~"

ox\?  [oy\? [02\° .
o () () () -

All other pairs are zero, for example

_ 00z  0Oydy 020z
9= 5,90 " oro0 " oroe

= rcos? ¢sin cos @ + rsin? ¢sin O cos§ — rsin b cos O

=0
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1.7 The line of nodes lies in the XY plane at an angl¢o the X axis. Hence the first
row of the matrix gives the unit vecteg. The axis ofk lies at an anglé above the axis,
which lies in the XY plane at an angieto the Y axis. This allows the matrix second row
for €, to be constructed. Finallg;, forms a plane with the axigthat contains theZ and

k axes. This gives the third row.

1.8 Taking the indicated limit gives respectively

cos ¢ sin ¢ 0

§¢ = —sin ¢ cos ¢ 0
0 0 1
1 0 0

§9 = 0 cos 0 sin 6
0 —sin6 cos 0

The permutation (3—1—2) of the rows and columnggfgives indeecge. This is because
the ¢ rotation is about the 3 axis while tiferotation is about the 1 axis of their respective
frames of reference. Moreover, the handedness of the frames is unchangegdrotétgon

is again about the 3 axis of its systems so that

cos Y sin 0
S = —sin cos 0
0 0 1

1.9 By direct matrix multiplication

1 0 0 cos ¢ sin ¢ 0
S, §¢ = 0 cos 6 sin 0 —sin¢ cos ¢ 0
0 —sinf  cosf 0 0 1
cos ¢ sin ¢ 0
= —sin¢cosf cosgcosf  sinf
singsinf —sinfcos¢ cosf

as in Problem 1.7. This shows that the two rotati@g,,, §9 in that order will convert
vectors to the line of node axes.
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6 NON-RELATIVITY FOR RELATIVISTS

1.10 Problem (1.9) give§0 §¢ explicitly, so

cosy  siny
S=S S S = —siny  cosy
2,202
0 ¢ 0 0

cos ¢ cos 1) — sin ¢ cos 0 sin Y
= | —sinvycos¢ — sin ¢ cosbcosp
sin ¢ sin 0

0 cos ¢ sin ¢ 0
0 —sin¢cosf cos¢pcosf  sin@
1 singsind —sinfcos¢ cosh
sin ¢ cos vy + cospcosfsiny  sinfsiny
—sin¢siny + cospcosfcosyy  sinfcosy
— sin f cos ¢ cos 6

111 We need only conside§¢ and§9 sincegw is the same a§¢ in form. Hence

_ cos ¢ —sin ¢ 0 cos ¢ sin ¢ 0
§¢§¢ = sin ¢ cos ¢ 0 —sin ¢ cos ¢ 0
0 0 1 0 0 1

1 0 0

=( 0 1 0

0 0 1

A similar calculation proves the result fgre.

1.12 Problem 1.9 shows that the line of node unit vectors are given in terms of the
unprimed Cartesian base vectors by operating g@tgqﬁ. Thus the primed Cartesian base
vectors will be given by the final rotati@w, hence

& &,
6, | =s| g,
6. e.

Consequently, just as in Problem 1.1(c) we have
A — SijA(j)
or A’ = S A in vector notation.

Recall that upper indices indicate column vectors, but that for physical components there
is no difference between the elements of column vectors and those of row vectors.

113 (a) We can calculate the angular velocity matrix in its defining reference frame from
the definition in Equation (1.85). Thus by Problem 1.8

,=5,8,
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cos @ — sin ¢ 0 —sin¢ cos ¢ 0 )
= sin ¢ cos ¢ 0 —cos¢  —sing 0] ¢
0 0 1 0 0 0
0 1 0 )
= -1 0 0 ¢ = foil 10)
0 0 0
2, will have the same form2 | = ¢ ¥, and
1 0 0 0 0 0 .
ge 0 cos —sinf 0 —sind cosf |6
0 —sinf cos 6 0 — cos @ —sind
0 0 0 ' .
0 -1 0 B
(b) We should have for the velocity of a pointatthe velocityv = —Qr by Equation

(1.86), andv = w A r, by Equation (1.110). The first expression giwes= —pye, +
pre, usinggd) from part (a) which is equal t¢ €. A r in inertial axes as required.

Similarly using—Q,r, v = —fz€, + 6@, whichisfe. A rinline of node axes
¢
wherer = K
z

2, has the same structure 85, so that-Q r = —y/ 8 + v x' 8, which is again

1/}ez, A r, in the orthonormal set of axes.

114 Wehavethas =S S S, andthat = gg Hence

£=55,5, (§wses¢ +8,88,+8, Ses¢)

—S SQ SGS¢+S QS +Q

We recognize from Equation (1.93) that the first term in the last equation tran§brrt($

inertial axes, as does the second terntgr So in inertial axef)’ = @' + QI +ﬂ

and hencev = w, + wy + wy inthese axes. To the extent thats a vector, th|s may be
written along any axes. However, the form in terms of the Euler angles can be complicated
as shown by our explicit calculation above, which yields the angular dependence. It is
often found more readily by geometric resolution.

© John Wiley & Sons, Ltd



8 NON-RELATIVITY FOR RELATIVISTS

1.15 We start from
W =Wy + wy + wy

Herew, is already referred to inertial axes as in the preceding Problem. We algtain
inertial axes as

_ cos¢p —sing 0 0
§¢ Wy = sin ¢ cosgp 0 0
0 0 1 0
or
0 cospex + 0 singey (a)
Similarly for w, we require
o cos¢p —sin¢gcoso sin ¢ sin 6 0
§¢§9w¢ = sin ¢ cos¢pcos — cos¢psinb O
0 sin ¢ cos 6 )
or
Y sing sinfeéx — 1 cosg sinfeéy + 1) cosfeéy (b)

Addingw,, to expressionga) and(b) yields
w = (qb + 4 cos@) ey + (9 sing — 1 sinf coscﬁ) ey
+ (0 cos¢ + 1 sind sin¢) ex

1.16 We know (Problem 1.13) the(:tz¢ = g&#gz. By Equation (1.93) we resolve this

= =9 —=¢ =9 —=¢ &
sin ¢ — cos ¢ 0 0 1 0
= ¢§¢ —Ccos ¢ sin ¢ 0 =0 -1 0 0
0 0 0 0 0 0

However, in the rotating axes¢ — ¢.

1.17 (a) We have from Equation (1.8%)' = gg hence for the combined rotation
. . .
@ -85, (s,8,+8,8,)
= g(p + §¢§9§9§¢
=02, +5,82,8,
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And the last term is a similarity transformation from line of node axes to inertial axes
(inverse of Equation (1.93)).

(b) Explicitly, recalling% and Q,

SQS =60S oS

2282, = V2,9,3
A 0 0
=ds, | o 0 1
sing —cos¢ 0
) 0 0 —sin ¢
=40 0 0 cos @
sing  —cos¢ 0
SO
) 0 0 —sin ¢ x
—0 0 0 Cos ¢ y
sin ¢ — cos ¢ 0 z
= fzsinge, — 0z cospe, + 0 (ycosp — xsing) e,
But (see Figure 1.5) we have a®, A (16, + y6, + 26.) = —fxsin¢@, + fycos ¢, +

zsingpe, — Oz cos ¢ e, as above.

1.18 (@) From Equation (1.93)

QH:S /

[[=)
U

So in the rotated axes

"o o_ /
@ =85,598

@)
|[un

0

and usingf?’ from Problem 1.17
"o o o o
Q' -s,s, (2,+8,2,58,)8,85,

= §9§¢§¢§9 + §929§9

The first term gives$2 5 in the rotated axes and the second term g@galso in these axes.

(b) Recall
cosp sing 0 1 0 0
§¢ = —sing cos¢p O |, §0 = 0 cos @ sin 6
0 0 1 0 —sinf  cosf

The middle pair of the first term givg¢ in the line of node axes as calculated in Problem
1.16, namely

0 1 0
o -1 0 0
0 0 0
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10 NON-RELATIVITY FOR RELATIVISTS

Hence the first term becomes in the rotated axes

0 1 0

. B . 0 cosf sinf
P8, ( -1 0 08, =98 -1 0 0
0 0 0 0 0 0
. 0 cosf) sinf
= ¢ —cosf 0 0

sin 6 0 0

Hence changing the sign éfin the negative of this operator

' 0 cosf) sinf
1) —cosf 0 0

¢
K
sin 0 0 0 2

= 8¢ (kcosf + 2'sinf) — 8,pCcosh + ¢ sing
And using Figure 1.5
b A (C8¢ + K8, + 2"8.n)
= ¢Ccosfe, — ¢p(sinfe.n — prcosfes + ¢z"sinfe;

Changing the sign o andé for the (¢, &, z) axes yields the line above’{is the same
asz’).
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