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CHAPTER 1

Introdu
tion to Ordinary

Differential Equations

Solutions

We have made every effort possible to ensure that these solutions are 
omplete, 
lear, and error-free.

However, sin
e the book has over 2800 problems, we may have made a mistake somewhere. If you

�nd any errors, omissions, or solutions that just don't seem 
lear enough please let us know and we

will try to get a 
orre
tion up right away.

1
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tion to Ordinary Differential Equations Solutions

1.1 In this problem you are going to 
on�rm that the solution to the differential equation

dy∕dx = y 
os x with 
ondition y(0) = 1 is y = e

sin x

.

(a) If y = e

sin x

, what is dy∕dx?

Final Answer: e

sin

x × 
os x

(b) If y = e

sin x

, what is y 
os x?

Final Answer: e

sin

x × 
os x

If your answers to Parts a and b are not the same, that would indi
ate that this fun
tion does

not solve this differential equation. In this 
ase, we are assuring you that it does�so if they

did not 
ome out the same, go ba
k and �nd your mistake.

(
) Now plug x = 0 into the fun
tion to make sure it gives the answer spe
i�ed in the initial


ondition.

Solution: e

sin 0 = e

0 = 1
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1.2 One valid solution to the differential equation f

′′(x) + 2f

′(x) = 2e

x

is f (x) = (2∕3)(e−2x +

e

x).

(a) Demonstrate that f (x) does, in fa
t, solve the differential equation.

Solution:

f

′(x) =
2

3

(−2e−2x + e

x)

f

′′(x) =
2

3

(4e−2x + e

x)

f

′′(x) + 2f

′(x) =
8

3

e

−2x +
2

3

e

x −
8

3

e

−2x +
4

3

e

x = 2e

x

(b) If you add three to f (x), is the resulting fun
tion also a solution?

Solution:

f (x) =
2

3

(e−2x + e

x) + 3

f

′(x) =
2

3

(−2e−2x + e

x)

f

′′(x) =
2

3

(4e−2x + e

x)

f

′′(x) + 2f

′(x) =
8

3

e

−2x +
2

3

e

x −
8

3

e

−2x +
4

3

e

x = 2e

x

Sin
e the differential equation involves f

′
and f

′′
but not f , and the derivatives are

un
hanged by adding three to f , this is still a solution.

Final Answer: Yes

(
) If you multiply f (x) by 2, is the resulting fun
tion also a solution?

Solution:

f (x) =
4

3

(e−2x + e

x)

f

′(x) =
4

3

(−2e−2x + e

x)

f

′′(x) =
4

3

(4e−2x + e

x)

f

′′(x) + 2f

′(x) =
16

3

e

−2x +
4

3

e

x −
16

3

e

−2x +
8

3

e

x = 4e

x

Every term on the left gets multiplied by 2 when you multiply f by 2, but the right side

doesn't 
hange, so the two are no longer equal.

Final Answer: No

(d) You now have two valid solutions of this differential equation. One of those fun
tions

also satis�es the initial 
ondition f (0) = 13∕3. Whi
h one?

Solution:The two valid solutions are f

1

(x) = (2∕3)(e−2x + e

x) and f
2

(x) = (2∕3)(e−2x +

e

x) + 3. Plugging in x = 0 gives f

1

(0) = (4∕3) and f
2

(0) = (13∕3), so the solution with

this initial 
ondition is (2∕3)(e−2x + e

x) + 3.

Final Answer: (2∕3)(e−2x + e

x) + 3
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1.3 dy∕dx = 3

(a) y = 3

(b) y = 3x

(
) y = 3x + 9

(d) y = (3∕2)x2

(e) y = e

3x

Final Answer: (b), (
)
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1.4 dy∕dx = 3x

(a) y = 3

(b) y = 3x

(
) y = 3x + 9

(d) y = (3∕2)x2

(e) y = e

3x

Final Answer: (d)
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1.5 dy∕dx = 3y

(a) y = (3∕2)x2

(b) y = e

3x

(
) y = 3e

x

(d) y = 7e

3x

(e) y = e

3x+7

(f) y = e

3x + 7

Final Answer: (b), (d), (e)



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 7

7

1.6 dz∕dt = z

2

(a) z = (1∕3)t3

(b) z = e

t

2

(
) z = 1∕t

(d) z = −1∕t

(e) z = −1∕t + 6

(f) z = −1∕(t + 6)

Final Answer: (d), (f)



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 8
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1.7 dP∕dr = P − r

(a) P = r + 1

(b) P = e

r

(
) P = e

r + r + 1

(d) P = e

r + r + 2

(e) P = 2e

r + r + 1

Final Answer: (a), (
), (e)
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1.8 dy∕dx = (y2 − xy)∕(x2 ln x + 2xy)

(a) y = ln x + x

2

(b) y = (ln x)∕x

(
) y = −x ln x

Final Answer: (
)
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1.9 d

2

x∕dt2 = x

(a) x = e

t

(b) x = e

−t

(
) x = −et

(d) x = 3e

t − 5e

−t

(e) x = 0

Final Answer: All of them work
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1.10 d

2

x∕dt2 = −x

(a) x = e

t

(b) x = e

−t

(
) x = −et

(d) x = sin t

(e) x = 
os t

(f) x = 10 sin t + 15 
os t

Final Answer: (d), (e), (f)
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1.11 d

2

y∕dx2 − 6(dy∕dx) + 9y = 0

(a) y = e

3x

(b) y = e

−3x

(
) y = 3e

x

(d) y = 2xe

3x

(e) y = 7e

3x − 5xe

3x

Final Answer: (a), (d), (e)
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1.12 d

2

y∕dx2 − 6(dy∕dx) + 9y = 18

(a) y = 2

(b) y = e

3x

(
) y = e

3x + xe

3x + 2

Final Answer: (a), (
)
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1.13 dh∕dz = ln z, h(1) = 5

(a) h = 1∕z + 4

(b) h = ln z + 5

(
) h = z ln z − z + 5

(d) h = z ln z − z + 6

Final Answer: (d)
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1.14 dy∕dx = y∕x, y(3) = 12

(a) y = x

(b) y = 4x

(
) y = x + 9

(d) y = 12

Final Answer: (b)
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1.15 dx∕dt = t

√
x, x(0) = 9

(a) x = t

2

√
t + 9

(b) x =

√
t

2 − 3

√
t + 9

(
) x = (t2∕4 + 3)2

(d) x = 9∕(t2 + 1)

Final Answer: (
)
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1.16 dy∕dt = 2y(1− y), y(0) = 1∕10
(a) y = e

2t∕(9 + e

2t)

(b) y = e

2t∕10

(
) y = (1∕10)(e2t − 1)

(d) y = 2t(1 − t) + 10

Final Answer: (a)
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1.17 You are running an online tournament with P(t) players parti
ipating. Mat
h ea
h des
rip-

tion belowwith the appropriate differential equation. (Nothing is 
hanging other than what

is des
ribed. For example, in Part (a) no players are being eliminated, while in Part (b) no

new ones are joining.) Ea
h equation should be mat
hed to only one s
enario.

(a) Ea
h day 50 new players join. I. dP∕dt = 50

(b) Ea
h day half the players in the tournament are eliminated. II. dP∕dt = −50

(
) Ea
h day 50 players are eliminated. III. dP∕dt = 3P

(d) Ea
h day everyone in the tournament 
onvin
es three

friends to join.

IV. dP∕dt = 3t

(e) Three players join the �rst day, six the se
ond day, nine the

third day, and so on.

V. dP∕dt = −P∕2

Final Answer: (a) I. (b) V. (
) II. (d) III. (e) IV.
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1.18 Parts (a)�(e) below give �ve different s
enarios for the evolution of a rabbit population

R(t). Mat
h ea
h one with the appropriate differential equation. Ea
h equation should be

mat
hed to only one s
enario.

(a) The rabbit population is 
onstant. I. R = 0

(b) 10 new rabbits are born every year. II. dR∕dt = 10R

(
) On average, ea
h rabbit produ
es 10 new rabbits per year. III. dR∕dt = 10

(d) Ea
h year ea
h rabbit produ
es 10 new rabbits, but 100

rabbits are killed.

IV. dR∕dt = 0

(e) There are no rabbits. V. dR∕dt

= 10R − 100

Final Answer: (a) IV. (b) III. (
) II. (d) V. (e) I.
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1.19 An obje
t of mass m is moving along the x-axis (one dimension only). In ea
h part of this

problem you will be told the for
e a
ting on this obje
t, and you will write a differential

equation for the position x(t) of the obje
t. You do not need to solve the equation.

(a) F = −mg where g is a 
onstant.

Solution: F = ma = m(d2

x∕dt2). Setting this equal to −mg gives you m(d2

x∕dt2) =

−mg. So the differential equation is d2

x∕dt2 = −g.

Final Answer: d

2

x∕dt2 = −g

(b) A 
harged ball experien
es a for
e towards the origin proportional to one over its

distan
e from the origin squared.

Solution: For the for
e to point toward the origin, F must point in the positive dire
-

tion whenever x(t) is negative and in the negative dire
tion whenever x(t) is positive.

Therefore, the sign of the for
e must be opposite that of the position x(t) of the 
harged

ball. If you let k be the positive 
onstant of proportionality, the equation for the for
e

is F = −k|x|∕x3. Sin
e F = m(d2

x∕dt2), putting the two equations together gives you

m(d2

x∕dt2) = −k|x|∕x3. (You 
an avoid using the absolute value bywriting the fun
tion
pie
ewise: m(d2

x∕dt2) = −k∕x2 for x > 0 and m(d2

x∕dt2) = k∕x2 for x < 0)

Final Answer: m(d2

x∕dt2) = −k|x|∕x3
(
) A boat experien
es a 
onstant forward for
e due to its motor and a ba
kward drag for
e

proportional to its speed.

Solution: F = k − bv, where k and b are positive 
onstants, so m(d2

x∕dt2) = k −

b(dx∕dt).

Final Answer: m(d2

x∕dt2) = k − b(dx∕dt)

(d) A 
y
list experien
es a 
onstant ba
kward for
e due to fri
tion and a forward for
e

from pedaling. As the 
y
list gets tired the pedaling for
e de
reases linearly with time.

(If the 
y
list stops moving the fri
tional for
e will stop too, but ignore that here.)

Solution: F = (b− rt) − k, where b, r, and k are positive 
onstants, so m(d2

x∕dt2) =

(b− rt) − k.

Final Answer: m(d2

x∕dt2) = (b− rt) − k
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1.20 The fun
tion f (x) has the pe
uliar property that its derivative is the same fun
tion as its

square root. (Assume f (x) ≥ 0 for all x.)

(a) Express this senten
e��The derivative of f (x) and the square root of f (x) are the same

fun
tion��as a differential equation.

Final Answer: df ∕dx =
√
f

(b) Show that f (x) = 0 is a solution but f (x) = 1 is not.

Solution: If f (x) = 0, thenboth f

′(x) = 0 and

√
f (x) =

√
0 = 0. If f (x) = 1, then f

′(x) =

0 but

√
f (x) =

√
1 = 1. Sin
e f

′(x) does not equal
√
f (x) for f (x) = 1, it is not a solution.

(
) Now assume that f (0) = 1. Is f (x) an in
reasing fun
tion, a de
reasing fun
tion, or �at?

How 
an you tell?

Solution: At the point (0, 1), the slope is f ′(0) =
√
f = 1, so the fun
tion is in
reasing

with a slope of 1.

Final Answer: in
reasing

(d) Is f (x) 
on
ave up, 
on
ave down, or neither? How 
an you tell?

Solution: As f (x) gets higher,
√
f (x) gets higher, and so f ′(x) gets higher. This means

the slope keeps in
reasing, so f (x) is 
on
ave up.

Final Answer: 
on
ave up
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1.21 The Explanation (Se
tion 2.2) dis
ussed two �nan
ial situations: one in whi
h Shannon

earnsmoney at a 
onsistent (linear) rate, and one inwhi
h she 
ontinuously earns interest on

her money. Now suppose both are going on at the same time. Shannonmakes $30,000/year

salary, and her money always goes immediately into the bank, where it earns interest at an

annual rate of 10%.

(a) Write the differential equation that says �Shannon's money in
reases every year by

$30,000 plus 10% of whatever she has.� UseM for the total of her money and t for time

in years. (To make the answer look ni
er, measureM in �thousands of dollars� instead

of �dollars.�)

Final Answer: dM∕dt = 30 +M∕10

(b) Assuming Shannon starts with no money, show that the fun
tionM(t) = 300(et∕10 − 1)

satis�es both the differential equation and the initial 
ondition.

Solution:

dM

dt

= 300

(
1

10

e

t∕10
)
= 30e

t∕10

30 +
M

10

= 30 + 30(et∕10 − 1) = 30 + 30e

t∕10 − 30

They 
ome out the same, so the differential equation is satis�ed.

Final Answer:M(0) = 300(e0 − 1) = 0 so the initial 
ondition is satis�ed.

(
) We were able to write our solution in that form be
ause we had already spe
i�ed what

units we were using for time and money. To write this solution with 
orre
t units, so

that it would be valid for any units of time andmoney,we 
anwriteM(t) = D(et∕k − 1),

where D = 300 and k = 10. What are the units of D and k?

Final Answer: D is in dollars, k in years
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1.22 Little Benjamin sneaks onto his father's 
omputer every night. His father thinks Ben is

playing video games. A
tually, Ben is day trading, and he is very good at it. However mu
h

money he has at the beginning of the week, he always earns 10% of that in a week's time.

Unfortunately, Ben also has a bubble-gum habit that 
osts him $15 a week.

(a) Write a differential equation that represents Ben's net worth. UseM for his money and

t for time (measured in weeks).

Final Answer: dM∕dt = M∕10 − 15

(b) How mu
h money does Ben need in order to break even every week? (�Break even�

means his net worth is neither in
reasing nor de
reasing; in other words, dM∕dt is

zero.)

Solution:M∕10 − 15 = 0 so M = 150

Final Answer: $150

(
) If Ben starts off with more money than you 
al
ulated in Part b, what will happen to

his money over time? Explain how your answer is based on your differential equation

in Part a.

Solution: If M > 150 then M∕10 − 15 > 0 so dM∕dt is positive. That means Ben is

making money. The more money he has, the higher dM∕dt gets, so his money will

in
rease faster and faster.

Final Answer: make money faster and faster

(d) If Ben starts off with less money than you 
al
ulated in Part b, what will happen to his

money over time? Explain how your answer is based on your differential equation in

Part a.

Solution: If M < 150 then M∕10 − 15 < 0 so dM∕dt is negative. That means Ben is

losing money. The less money he has, the more negative dM∕dt gets, so he will rapidly

run out of money.

Final Answer: qui
kly run out of money



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 24

24 Chapter 1 Introdu
tion to Ordinary Differential Equations Solutions

1.23 Mary starts her 
areer with an initial salary S

0

. Ea
h year she gets a 5% raise, so her salary

one year later is 1.05 × S

0

, her salary the following year is 1.05 × 1.05 × S

0

= 1.052 × S

0

,

and so on.

(a) Write an expression for Mary's salary S(t). This will not be a differential equation, but

a simple fun
tion of time.

Solution: S(t) = S

0

1.05t

(b) Assuming Mary never gains or loses money in any way other than earning her salary,

write a differential equation for her amount of moneyM(t). (You will need to use your

answer to Part a here.)

Solution: dM∕dt = S

0

1.05t

(
) Now assume that in addition to earning her salary, Mary also spends an amount E ea
h

year, whi
h starts at E

0

and in
reases by 2% ea
h year (be
ause of in�ation). Write a

new differential equation forM(t).

Solution: dM∕dt = S

0

1.05t − E

0

1.02t

(d) Finally, assume that Mary earns a salary S(t), spends an amount E(t), and is putting

her money in the bank where it is earning 4% interest ea
h year. Write a differential

equation forM(t).

Final Answer: dM∕dt = S

0

1.05t − E

0

1.02t + .04M
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1.24 The 
hemi
al tetrahydrofrefurol de
omposes in the presen
e of a biologi
al agent.Resear
h

shows that the rate of de
omposition is proportional to the remaining mass. When the

biologi
al agent is �rst introdu
ed and the de
omposition begins (t = 0), there are 100 kg

of tetrahydrofrefurol.

Use M for the mass of tetrahydrofrefurol and t for the amount of time sin
e it began

de
omposing.

(a) Sket
h a possible graph for the fun
tion M(t) on purely physi
al grounds. You don't

need to write any equations yet; just make sure your graph represents the idea that the

more you have, the more you lose.

Solution: The graph needs to always de
rease, but as the amount de
reases the rate of

de
rease slows, so the 
urve should be 
on
ave up and asymptoti
ally approa
h zero.

(b) Write a differential equation that represents the senten
e �The amount of mass that

disappears in any given hour is proportional to the mass at that hour.� Your equation

will introdu
e a 
onstant of proportionality k.

Final Answer: dM∕dt = kM or dM∕dt = −kM

(
) What are the units of k? Is it positive or negative? How do you know?

Solution:M has units of kg and dM∕dt has units of kg/hour, so the units on k must be

�per hours� or hr

−1
.

M is a mass whi
h is always positive, and dM∕dt is negative be
ause the mass is

de
reasing. So if your differential equation is dM∕dt = −kM then k is positive; if you

write dM∕dt = km then k is negative.

Most engineers would write dM∕dt = −kM in order to make k 
ome out positive. This

does not 
hange the math in any fundamental way, but it does make it easier to interpret

the answer.

Final Answer: The units on k are hr

−1
. If you wrote dM∕dt = km then k is negative; if

you wrote dM∕dt = −kM then k is positive.

(d) The fun
tionM(t) = 0 should be a valid solution of your differential equation. Des
ribe

the s
enario des
ribed by this solution.

Solution: If you start with no mass, you have no mass forever.

(e) Find a fun
tion other than M(t) = 0 that solves your differential equation.

Final Answer: For dM∕dt = kM a solution isM(t) = e

kt

. For dM∕dt = −kM a solution

is M(t) = e

−kt
.

(f) Find a fun
tion that solves your differential equation and has the property thatM(0) =

100. (If the graph of this fun
tion doesn't look more or less like the graph you drew in

Part a, one of them is wrong; �gure out whi
h one, and �x it!)

Final Answer: For dM∕dt = kM the solution isM(t) = 100e

kt

. For dM∕dt = −kM the

solution is M(t) = 100e

−kt
.

(g) A different 
hemi
al follows the same differential equation, but with a mu
h higher

value of k. Compare its de
ay pro
ess to the de
ay of tetrahydrofrefurol.

Solution: It will de
ay faster. We 
an see that from the differential equation itself: the

sameM will lead to a more negative dM∕dt. We 
an also see it from the solution: e

−3t

de
ays faster than e

−2t
.
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1.25 As a snowball melts, its mass m de
reases at a rate proportional to its surfa
e area. The

surfa
e area of a snowball is dire
tly proportional to m

2∕3
.

(a) The problem tells us that dm∕dt is proportional tom2∕3
. Is the 
onstant of proportionality

positive or negative? How do you know?

Solution: Be
ause the snowball is melting, dm∕dt is negative. The mass and surfa
e

area are of 
ourse positive by de�nition. So the 
onstant of proportionality must be

negative.

Final Answer: negative

(b) Write the differential equation. If the 
onstant of proportionality is positive, 
all it k

2

.

If it is negative, 
all it −k2.

Final Answer: dm∕dt = −k2m2∕3

(
) Show that m = (5− k

2

t∕3)3 is a valid solution to your differential equation.

Solution:

dm

dt

= 3

(
5 −

k

2

t

3

)
2

×

(
−
k

2

3

)
= −k2

(
5 −

k

2

t

3

)
2

−k2m2∕3 = −k2

((
5 −

k

2

t

3

)
3

)
2∕3

= −k2
(
5 −

k

2

t

3

)
2

They 
ome out the same, so the differential equation is satis�ed.

(d) What initial 
ondition is implied by that solution?

Solution: m(0) = (5+ 0)3 = 125

Final Answer: 125



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 27

27

1.26 A mass on a spring experien
es a for
e Fspring = −kx where x is the displa
ement from the

relaxed position and k is a positive 
onstant. It also experien
es the for
e of fri
tion from

the table the mass is sliding along: the for
e is Ffriction = −3v∕|v|.

(a) −3v∕|v|? That's a strange looking for
e. What is its magnitude? Whi
h way does it

push?

Final Answer: Its magnitude is a 
onstant 3, and it pushes in the opposite dire
tion of

the velo
ity at any given time.

(b) Using Newton's Se
ond Law Ftotal = ma and the de�nitions of velo
ity (dx∕dt) and

a

eleration (d

2

x∕dt2), write a se
ond-order differential equation for themass's position

as a fun
tion of time x(t).

Final Answer: m(d2

x∕dt2) = −kx − 3(dx∕dt)∕|dx∕dt|
(
) In general, the best way to work with absolute values mathemati
ally is to split into

two 
ases. When v ≥ 0 you 
an repla
e |v| with v in your differential equation. Show

that in this 
ase one valid solution to the differential equation is:

x = 2 sin

(√
k

m

t +
�

4

)
−
3

k

Solution:The differential equation in this 
ase is d

2

x∕dt2 + (k∕m)x = −3∕m. Plugging

in this solution gives:

−2(k∕m) sin
(√

k∕m t + �∕4
)
+ 2(k∕m) sin

(√
k∕m t + �∕4

)
− 3∕m = 3∕m whi
h

works.

(d) When v < 0 you 
an repla
e |v| in your differential equation with −v. Find a solution

to the differential equation that works in this 
ase. (The te
hnique of 
hoi
e here is

trial-and-error: play around until you �nd a fun
tion that works!)

Final Answer: 2 sin

(√
k∕m t + �∕4

)
+ 3∕k
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1.27 Let y = f (x) represent one parti
ular graph (not the only one!) that follows the differential

equation dy∕dx = y − x

2

.

(a) f (x) goes through the point (−1, 1). What is the slope of the 
urve at that point?

Final Answer: 0

(b) f (x) also goes through the point (−3, 5). What is the slope of the 
urve at that point?

Final Answer: −4

(
) f (x) also goes through the point (0, 2). What is the slope of the 
urve at that point?

Final Answer: 2

(d) Based on all the information you have a

umulated, draw a possible sket
h of f (x).

Solution:
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1.28 Let y = f (x) represent one parti
ular graph (not the only one!) that follows the differential

equation dy∕dx = (x + 2y)∕(x + 2).

(a) f (x) goes through the point (−3∕2, 3∕4). What is the slope of the 
urve at that point?

Solution: Plug x = −3∕2 and y = 3∕4 into the formula for dy∕dx to �nd the slope at

that point, and you get 0.

Final Answer: 0

(b) Find d

2

y∕dx2 as a fun
tion of x and y. In other words, �nd the derivative with respe
t

to x of dy∕dx. When you �rst apply the quotient rule, your answer will have dy∕dx in

it. You 
an then substitute dy∕dx = (x + 2y)∕(x + 2) to obtain a fun
tion of just x and

y. Simplify as mu
h as possible.

Solution:

d

2

y

dx

2

=
(1 + 2(dy∕dx))(x + 2) − (x + 2y)(1)

(x + 2)2

d

2

y

dx

2

=
(1 + 2(

x+2y

x+2
))(x + 2) − (x + 2y)(1)

(x + 2)2

d

2

y

dx

2

=
2(x + y + 1)

(x + 2)2

Final Answer: d

2

y∕dx2 = 2(x + y + 1)∕(x + 2)2

(
) At the point (−3∕2, 3∕4), is the fun
tion 
on
ave up or 
on
ave down?

Solution:

d

2

y

dx

2

=
2(−3∕2+ 3∕4 + 1)

(−3∕2 + 2)2
= 2 > 0

So the fun
tion is 
on
ave up.

Final Answer: Con
ave up

(d) Based on your answers to a and 
, what 
an you 
on
lude about this fun
tion at the

point (−3∕2, 3∕4)?

Solution: f

′ = 0 tells you that (−3∕2, 3∕4) is a 
riti
al point, and f ′′ > 0 tells you that

this 
riti
al point is a lo
al minimum of the fun
tion f .

Final Answer: lo
al minimum
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1.29 A quantity Q evolves over time a

ording to the differential equation dQ∕dt = Q(Q −

3)(Q− 5).

(a) IfQ(0) = 3 then, at that point, dQ∕dt = 0. SoQwill stay 3,whi
hmeans dQ∕dtwill stay

0 forever. ThereforeQ = 3 is referred to as an �equilibrium solution� of the differential

equation. What are the two other equilibrium solutions?

Final Answer: Q = 0 and Q = 5

(b) IfQ is between 0 and 3, is dQ∕dt positive or negative?Based on this, how do you expe
t

Q to evolve over time?

Solution:Q is positive, (Q − 3) is negative, and (Q − 5) is negative, so dQ∕dt must be

positive. This tells you that Q in
reases with time, but starts to level off as the graph

approa
hes Q = 3. (Sin
e dQ∕dt = 0 at Q = 3, the slope will approa
h 0 as the 
urve

gets 
loser to Q = 3.)

(
) IfQ is between 3 and 5, is dQ∕dt positive or negative?Based on this, how do you expe
t

Q to evolve over time?

Solution: dQ∕dt is negative. This tells you that Q de
reases with time, but starts to

level off as the graph approa
hes Q = 3.

(d) If Q > 5, is dQ∕dt positive or negative? Based on this, how do you expe
t Q to evolve

over time?

Solution: Sin
e all the terms are positive, dQ∕dt is positive. This tells you that Q will

in
rease, and sin
e (dQ∕dt) > 0 for all values of Q > 5, the graph of Q will keep on

in
reasing inde�nitely.
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1.30 Two different obje
ts are both moving along the x-axis. Both experien
e for
es that are

proportional to their distan
e from x = 0, so we 
an write F = kx. Sin
e F = ma and

a = d

2

x∕dt2, we 
an write d

2

x∕dt2 = (k∕m)x. However, there is one big differen
e. For

Obje
t A, k∕m = 1; for Obje
t B, k∕m = −1.

(a) For Obje
t A, d

2

x∕dt2 = x. Based dire
tly on this differential equation, if the obje
t

starts at rest at x = 0, what will its a

eleration be? What will happen over time?

Solution: d

2

x∕dt2 = 0. Sin
e the obje
t starts at rest and its velo
ity is not 
hanging,

the obje
t will remain at x = 0 forever.

(b) If Obje
t A starts at rest at x = 1, will it a

elerate to the right or left? Where will it go

next, and what will happen to its a

eleration? What will happen over time?

Solution: d

2

x∕dt2 = 1, so it will a

elerate to the right. The obje
t will start to move

to the right, and the further right the obje
t goes, the greater its a

eleration to the right

be
omes. So the obje
t will keep going to the right at an ever in
reasing speed. (In the

words of Buzz Lightyear: To in�nity and beyond!)

(
) If Obje
t A starts at rest at x = −1, what will its a

eleration be?Where will it go next,

and what will happen to its a

eleration? What will happen over time?

Solution: d

2

x∕dt2 = −1, so it will a

elerate to the left. The obje
t will start to move

to the left, and as it moves to the left, its a

eleration will be
ome more negative. The

further left the obje
t goes, the more negative its a

eleration be
omes, so the obje
t

will keep rolling off to the left at an ever in
reasing speed. (To negative in�nity and

beyond!)

(d) ForObje
t B, d

2

x∕dt2 = −x. If the obje
t starts at rest at x = 0, whatwill its a

eleration

be? What will happen over time?

Solution: d

2

x∕dt2 = 0. Sin
e the obje
t starts at rest and its velo
ity is not 
hanging,

the obje
t will remain at x = 0 forever.

(e) If Obje
t B starts at rest at x = 1, will it a

elerate to the right or left? Where will it go

next, and what will happen to its a

eleration? What will happen over time?

Solution: d

2

x∕dt2 = −1, so it will a

elerate to the left. As the obje
t begins to move

left towards the origin, its a

elerationwill be
ome less negative, but its speed to the left

will still keep in
reasing. When the obje
t goes past x = 0 into the negative x-values,

the a

eleration will be
ome positive and start pointing to the right. This will slow

the obje
t down until it 
omes to a full stop and starts moving ba
k toward the right.

When the obje
t 
rosses the x = 0 again, the a

eleration will swit
h sign again and

start pulling the obje
t ba
k toward the left. The obje
t will therefore os
illate ba
k and

forth inde�nitely. (You may re
ognize the differential equation in this 
ase as that of a

simple harmoni
 os
illator.)

(f) If Obje
t B starts at rest at x = −1, what will its a

eleration be?Where will it go next,

and what will happen to its a

eleration? What will happen over time?

Solution: d

2

x∕dt2 = 1, so it will a

elerate to the right, toward the origin. From here,

the behavior is the same as in the previous part.
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1.31 [This problem depends on Problem 30.℄ In Problem 30 you looked at two obje
ts: Obje
t

A follows the differential equation d

2

x∕dt2 = x, and Obje
t B follows d

2

x∕dt2 = −x.

(a) Solve the differential equation for Obje
t A �by inspe
tion�: that is, think of a fun
tion

x(t) that is its own se
ond derivative. (Do not use x(t) = 0.) Does this fun
tion mat
h

the behavior you predi
ted? (It may or may not, depending on the fun
tion you 
hoose.)

Solution: One fun
tion that is its own se
ond derivative is x = e

t

. It does indeed head

toward in�nity, as we predi
ted Obje
t A would. You 
ould use x = e

−t
instead, whi
h

does not mat
h the des
ribed behavior.

If you look more 
losely, you may noti
e that neither answer perfe
tly repli
ates the

behavior des
ribed in the problem. Obje
t A, in all the given s
enarios, is supposed

to start at rest: that is, x

′(0) = 0. You do not get that behavior from either x = e

t

or

x = e

−t
. You do get it from x = e

t + e

−t
whi
h still solves the differential equation.

Later se
tions will dis
uss �nding su
h solutions.

Final Answer: e

t

or e

−t

(b) Solve the differential equation for Obje
t B �by inspe
tion�: that is, think of a non-zero

fun
tion x(t) that is negative its own se
ond derivative. (Hint: just throwing a negative

into your answer for Obje
t A doesn't work. Try it!) Does this fun
tion mat
h the

behavior you predi
ted? (It should.)

Solution:There are two fun
tions that are negative their own se
ondderivative: x = sin t

and x = 
os t. Sin
e both are periodi
ally os
illating fun
tions, they do indeed mat
h

the behavior you predi
ted earlier for Obje
t B. The preferred solution in this 
ase is

x = 
os t sin
e that also meets the initial 
ondition x

′(t) = 0.

Final Answer: 
os t or sin t

(
) Obje
t C has k∕m = 9. Solve its differential equation by inspe
tion. When k∕m is

positive, what effe
t does its value have on the behavior of the system?

Solution: Differentiating x = e

3t

brings out a fa
tor of 3, so differentiating it twi
e

gives you a fa
tor of 9. Thus, x = e

3t

is a solution. In general, when k∕m is positive,

one solution will be x = e

√
k∕m t

. The bigger the value of k∕m, the bigger the value

of the exponent, so the faster the exponential fun
tion in
reases to in�nity. Therefore,

when k∕m is positive, its value determines how fast the obje
t rolls off into positive or

negative in�nity.

Final Answer: e

3t

or e

−3t

(d) Finally, Obje
t D has k∕m = −9. Solve its differential equation by inspe
tion. When

k∕m is negative, what effe
t does its value have on the behavior of the system?

Solution: x = 
os(3t) is a solution, be
ause dx∕dt = −3 sin(3t), and so d

2

x∕dt2 =

−9 
os(3t), whi
h is −9 times x. (The other valid solution is x = sin(3t).) In general,

when k∕m is negative, one solution will be x = 
os (
√
k∕m t). The more negative the

value of k∕m, the higher the frequen
y of the 
osine fun
tion, so the faster the obje
t

os
illates. Thus, when k∕m is negative, its value determines the frequen
yof os
illation

of the system.

Final Answer: x = 
os(3t) or x = sin(3t)
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1.32 A quantity 
hanges a

ording to the differential equation dy∕dx = y

2

. You are going to

draw three possible graphs that 
ould represent su
h a quantity. All three graphs will be

drawn on the domain 0 ≤ x ≤ 1.

(a) The �rst graph starts at the point (0, 0). Our differential equation promises us that the

slope at that point is zero�the graph is horizontal�so move horizontally to the right

(just a small distan
e) from that point.

Solution: See below.

(b) At the new point you rea
h, what is the slope, a

ording to the differential equation?

Based on that new slope, draw a little more of the graph.

Solution: Sin
e moving horizontally doesn't 
hange the value of y, the slope is still 0,

so the graph is still horizontal. (See below.)

Final Answer: 0

(
) Keep going in this way to draw one possible graph.

Solution: See below.

(d) Now start over at the point (0, 1). At this point, our differential equation promises us a

slope of 1, so move up-and-right a bit at a 45

◦
angle.

Solution: See below.

(e) At the new point you rea
h, is the slope the same, higher, or lower than 1? Based on

that new slope, draw a bit more of the graph.

Solution: Be
ause y and the slope is y

2

, the slope will also get higher. See below.

Final Answer: higher than 1

(f) Keep going in this way to draw a se
ond possible graph.

Solution: See below.

(g) Now draw a third graph in the same way, starting at the point (0,−1).

Solution: At (0,−1), the differential equation gives you a slope of 1, so move up-and-

right a bit at a 45

o

angle. The new point you rea
h will be a negative fra
tion, perhaps

somewhere around y = −1∕2 or y = −3∕4. Taking this negative fra
tion and putting it

into the DE gives you a slope that is a positive fra
tion less than 1. Somove up-and-right

at an angle less steep than 45

o

. Keep repeating this, and you will see that the graph of y

will be in
reasing towards y = 0 at less and less steeper angles (
on
ave down shape).

(h) For ea
h of the three graphs you drew, is y in
reasing, de
reasing, or staying 
onstant?

Final Answer: staying 
onstant, in
reasing, in
reasing

You will explore this equation further in Se
tion 1.9 Problem 1.198 (see felderbooks.
om).



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 34

34 Chapter 1 Introdu
tion to Ordinary Differential Equations Solutions

1.33 A �simple harmoni
 os
illator� (SHO) is any system that obeys a differential equation of

the form d

2

x∕dt2 = −!2

x where ! is a 
onstant. The simplest possible SHO is one for

whi
h d

2

x∕dt2 = −x.

(a) Show that x = sin t and x = 
os t are both solutions to d

2

x∕dt2 = −x.

Solution: Differentiating x = sin t twi
e will give you d

2

x∕dt2 = − sin t, and differ-

entiating x = 
os t twi
e will produ
e d

2

x∕dt2 = − 
os t. Both fun
tions satisfy the

differential equation, so both fun
tions are solutions.

(b) Ea
h of these solutions represents an os
illation. The �period� of an os
illation is

de�ned as the time it takes to 
omplete one full 
y
le from its maximum value to its

minimum value and ba
k to the maximum again. What is the period of the os
illations

des
ribed by d

2

x∕dt2 = −x?

Final Answer: 2�

(
) If one obje
t has position x = sin t and a different obje
t x = 
os t, we have just seen

that they obey the same differential equation and os
illate with the same period. If you

observed the motion of both obje
ts, how would they differ?

Solution: The motion is identi
al ex
ept they start at different positions, so they are

out of phase with ea
h other.

Final Answer: phase

(d) Now suppose an SHO is des
ribed by d

2

x∕dt2 = −4x. Write a solution to this equation

and �nd its period.

Solution: x = sin(2t) is a solution, be
ause it leads to dx∕dt = 2 
os(2t), and so

d

2

x∕dt2 = −4 sin(2t), whi
h is −4 times x. Its period is �. (The other valid solution is

x = 
os(2t), whi
h has the same period.)

Final Answer: x = sin(2t) or x = 
os(2t), Period = �

(e) What is the period of an SHO that obeys d

2

x∕dt2 = −!2

x?

Solution: x = sin(!t) and x = 
os(!t) are both valid solutions, and both have period

2�∕!.

Final Answer: 2�∕!

(f) What is the period of a 2 kg mass os
illating on a spring with spring 
onstant k = 200

N/m? (Re
all that the spring exerts a for
e F = −kx on the mass.)

Solution: The differential equation for a mass m on a spring is d

2

x∕dt2 = −(k∕m)x.

This is a SHO with ! =
√
k∕m. Sin
e the period of a SHO is 2�∕!, the period of the

mass on a spring is 2�∕(
√
k∕m) = 2�

√
m∕k = 2�

√
(2kg)∕(200N∕m) = �∕5 se
onds.

Final Answer: �∕5 se
onds
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1.34 Constrained Population Growth

The logisti
 equation is used to model population growth in a 
onstrained environment.

As an example, the differential equation dN∕dt = (0.15)N (1 − N∕7500) has been used to

model the elephant population in South Afri
a's Kruger National Park.

1

N(t) is the number

of elephants and t is measured in years.

(a) A

ording to this model, what is dN∕dt when N = 0? Explain what this result means

in terms of the elephant population.

Solution: dN∕dt = 0, so the elephant population will stay at 0. The birth rate and the

death rate will both be 0 if there are no elephants to start with.

Final Answer: dN∕dt = 0, so the elephant population will stay at 0.

(b) A

ording to this model, what is dN∕dt when N = 7500? Explain what this result

means in terms of the elephant population.

Solution: dN∕dt = 0, so the elephant population will stay at N = 7500. The number

of elephants that are born ea
h year is equal to the number of elephants that die ea
h

year, so the total number of elephants isn't 
hanging.

Final Answer: dN∕dt = 0, so the elephant population will stay at N = 7500.

(
) A

ording to this model, what happens to dN∕dt when N > 7500? Explain what this

result means in terms of the elephant population.

Solution: (1 − N∕7500) < 0, so dN∕dt < 0. The elephant population de
reases.

Final Answer: dN∕dt < 0, so the elephant population de
reases

(d) Make a table of N and dN∕dt. In
lude N = 10, N = 1000, N = 2000, N = 3000, N =

4000, N = 5000, N = 6000, and N = 7000, plus the values you already 
al
ulated at

N = 0 and N = 7500.

Solution:

N = 0 N

′(t) = 0

N = 10 N

′(t) ≈ 1

N = 1000 N

′(t) = 130

N = 2000 N

′(t) = 220

N = 3000 N

′(t) = 270

N = 4000 N

′(t) = 280

N = 5000 N

′(t) = 250

N = 6000 N

′(t) = 180

N = 7000 N

′(t) = 70

N = 7500 N

′(t) = 0

(e) Cal
ulate the exa
t N-value at whi
h the elephant population would grow the fastest.

In other words, 
al
ulate the N-value that maximizes dN∕dt.

Solution: To �nd the value ofN where (0.15)N (1 − N∕7500) has a maximum, we take

its derivative with respe
t to N and set that equal to zero.

0.15
(
1 −

N

7500

)
− 0.15N

1

7500

= 0

This 
an easily be solved to give N = 3750. (You 
ould 
he
k to verify that this is a

maximum, but you 
an easily tell that it is looking at the table you just made.)

Final Answer: 3750

(f) The initial 
ondition in this 
ase is that, in 1905 (whi
h we might as well 
all t = 0),

the population was N = 10. Based on your answers above and this initial 
ondition,

des
ribe qualitatively the kind of growth you would expe
t to see over time. Where

would the population head over time?

1

Gallego, Samy (2003). Modelling Population Dynami
s of Elephants. PhD thesis, Life and Environmental S
ien
es,

University ofNatal,Durban,SouthAfri
a.
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Solution: The slope at the point (0, 10) is approximately 1, so the population starts out

in
reasing slowly. As the population rises, the rate of growth in
reases as well, so the

graph 
ontinues to rise even more steeply with time. After the population passes 3750,

the population will still grow, but the growth rate will start to de
rease, so the graph

will be rising less steeply with time. As the population gets 
loser to 7500, the growth

rate gets 
loser to 0, so the graph begins to level off. The population will keep getting


loser to 7500 but never rea
h it.

Final Answer: 7500

(g) The solution to this differential equation and initial 
ondition is N(t) =

7500e

0.15t∕(e0.15t + 749). Graph this fun
tion for 0 ≤ t ≤ 100 and make sure it

mat
hes your qualitative predi
tion from Part f. (If it doesn't, �gure out what went

wrong!)
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1.35 Exploration: Compound Interest (by hand)

In the Explanation (Se
tion 1.2.2), Shannonput $1000 into a bank a

ountwith 5% interest.

Modeling her a

ount with the equation dM∕dt = M∕20, we found that she earned slightly

more than $1000 × 5% = $50 in her �rst year. Her balan
e is not in
remented on
e a year,

but in
remented 
ontinuously, so she is always getting interest on the interest she just got.

This distin
tion 
an be approa
hed rigorously through a limit.

(a) Begin with an equation that literally models a 5% in
rease on
e a year. If Shannon

begins the year with $M
0

, then after one year, she has $1.05M
0

. The following year she

has 1.05 × $1.05M
0

= $1.052M
0

. How mu
h money does she have after t years?

Final Answer:M(t) = ($1.05)tM
0

(b) Now, suppose Shannon's interest is �
ompounded� ten times per year. This means that

after ea
h 1/10 of the year, she re
eives 1/10 of 5% interest (her money multiplies by

1.005). If she re
eives su
h interest ten times per year, how mu
h does she have after

one year? After t years?

Final Answer:M(1) = ($1.005)10M
0

,M(t) = ($1.005)10tM
0

(
) The above thinking leads to the formula for 
ompound interest. If Shannon starts with

M

0

dollars and re
eives 5% interest 
ompounded n times per year, then after t years she

ends up withM

0

(1+ .05∕n)nt dollars. To 
ompound 
ontinuously, take the limit of this

formula as n → ∞. (The most 
ommon tri
k for taking this limit starts by taking the

natural log of the formula, using the laws of logs and l'H�pital's rule to �nd the limit,

and then raising e to your answer at the end.)

Solution:

lnM = lnM

0

+ nt ln(1+ .05∕n)

lnM = lnM

0

+
t ln(1 + .05∕n)

1∕n

We took that unusual-looking last step, turning n in the numerator into 1∕n in the

denominator, be
ause now in the limit this limit looks like 0∕0. We 
an therefore use

l'H�pital's Rule in the �rst step below. (Remember that we are taking a limit with

respe
t to n, so we take derivatives with respe
t to n, treating t as a 
onstant.) The step

after that is just algebra.

lim

n→∞

t ln(1+ .05∕n)

1∕n
= lim

n→∞

t∕(1 + .05∕n) × (−.05∕n2)

−1∕n2
= lim

n→∞

.05t

1 + .05∕n
= .05t

Now that we know what the fra
tion is approa
hing, we 
an �ndM(t).

lnM = lnM

0

+ 0.05t

M = e

lnM

0

+0.05t

M = M

0

e

0.05t

Final Answer:M = M

0

e

.05t

(d) Show that the answer to Part 
 is a valid solution to the differential equation dM∕dt =

M∕20 with the initial 
onditionM(0) = M

0

.

Solution: You 
an see that it satis�es the initial 
ondition by plugging in t = 0, whi
h

gives M = M

0

. To 
he
k that it satis�es the differential equation take the derivative

dM∕dt = .05M
0

e

.05t
, whi
h does equal the original fun
tion divided by 20.

(e) Now apply the same logi
 to a population growth s
enario. If every rabbit produ
es on

average ten new rabbits per year, then a starting population of 15 rabbits will produ
e

150 rabbits in their �rst year.What isR(t) in this 
ase? (Make sure your fun
tion predi
ts

R(1) = 15 + 150 = 165.) If every rabbit produ
es on average 1 new rabbit every tenth
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of a year, what is R(t)? If every rabbit produ
es on average 10∕n rabbits n times per

year, what is R(t)? Take the limit of your answer as n → ∞ and show that it satis�es

the differential equation dR∕dt = 10R and the initial 
ondition R(0) = 15.

Solution: If every rabbit produ
es 10 new rabbits per year then ea
h year the rabbit

population is multiplied by 11, so

R(t) = 15(11)t

If every rabbit produ
es 1 new rabbit ea
h tenth of a year, then ea
h year the rabbit

population is multiplied by 2 ten times, so

R(t) = 15(2)10t

If every rabbit produ
es 10∕n new rabbits ea
h 1∕nth of a year, then ea
h year the rabbit

population is multiplied by (1+ 10∕n) a total of n times, so

R(t) = 15(1+ 10∕n)nt

Following the same steps as above

lim

n→∞
ln(R) = 15 + lim

n→∞

ln(1 + 10∕n)

1∕(nt)
= 15+ lim

n→∞

10t

1 + 10∕n
= 15 + 10t

lim

n→∞
R = 15e

10t

Plugging in t = 0 gives R = 15, and the derivative R

′(t) = 150e

10t

satis�es the differ-

ential equation dR∕dt = 10R.

Final Answer: R = 15e

10t

(f) Based on your answer to Part (e), how long will it be until the Earth is 
overed with

rabbits? In
lude whatever estimates you use or quantities you look up as part of your

solution.

Solution: A lot depends on how you de�ne �
overed with rabbits.� We 
hose the

following de�nition: there are enough rabbits to 
ompletely blanket all land.

The land of Earth 
overs roughly 150, 000, 000 km2

. A rabbit might 
over an area of

roughly 200 
m

2

. So it would take roughly 7.5 × 10

15

rabbits. Our exponential formula

would rea
h this number in between 3 and 4 years.
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1.36 Exploration: Compound Interest (by 
omputer)

In the Explanation (Se
tion 1.2.2), Shannonput $1000 into a bank a

ountwith 5% interest.

We solved the equation dM∕dt = M∕20 and got M(t) = ($1000)et∕20, and then noted that

this 
auses her money to in
rease by more than 5% after a year be
ause her balan
e keeps

growing, and she immediately starts earning interest on that new balan
e. In this problem

we take a numeri
al approa
h to the question: how mu
h money does Shannon have after

20 years? In all 
ases, round off your answer to the nearest penny.

(a) If Shannon's money is �
ompounded annually��that is, if she re
eives exa
tly 5%

of her balan
e on
e a year�then the formula for her balan
e is M(t) = 1000 × 1.05t.

Compute her balan
e after 20 years.

Final Answer: $2,653.30

(b) If Shannon's money is �
ompounded monthly��that is, if she re
eives 1/12 of 5%

of her balan
e every month�then the formula for her balan
e is M(t) = 1000 × (1 +

.05∕12)12t. Compute her balan
e after 20 years.

Final Answer: $2,712.64

(
) If Shannon's money is �
ompounded daily��that is, if she re
eives 1/365

of 5% of her balan
e every day�then the formula for her balan
e is M(t) =

1000 × (1+ .05∕365)365t. (Ignore leap years.) Compute her balan
e after 20 years.

Final Answer: $2,718.10

(d) Many banks advertise that your money is �
ompounded 
ontinuously.�Use a 
omputer

to take the limit of the above pro
ess as n → ∞.

Solution: Plug in bigger and bigger values of n into M = 1000 × (1 + .05∕n)n20 until

the balan
e stops in
reasing to the nearest penny. (Of 
ourse, the balan
e will still


ontinue to in
rease after that point, but this in
rease will affe
t only the values that are

smaller than a penny.)

n = 1000 M = $2, 718.21

n = 2000 M = $2, 718.25

n = 10, 000 M = $2, 718.28

n = 20, 000 M = $2, 718.28

n = 100, 000 M = $2, 718.28

Final Answer: $2,718.28

(e) Plug t = 20 into the solutionM(t) = ($1000)et∕20. Comparing the result to your answers

above, what kind of 
ompounding does this solution represent?

Solution: $2,718.28, same as (d), so it represents 
ontinuous 
ompounding.

Final Answer: $2,718.28, 
ontinuous
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1.37 Consider the linear differential equation dy∕dx = 3 − y.

(a) For the fun
tion y = e

−x + 3, 
al
ulate dy∕dx.

Final Answer: −e−x

(b) For the fun
tion y = e

−x + 3, 
al
ulate and simplify 3 − y.

Final Answer: −e−x

(
) Your answers to Parts a and b should have 
ome out the same, demonstrating that y =

e

−x + 3 is a solution to this differential equation. Using the same method, demonstrate

that y = 7e

−x + 3 is also a solution to this differential equation.

Solution: dy∕dx = −7e−x and 3 − y = 3 − (7e−x + 3) = −7e−x, so both sides of the

differential equation 
ome out the same, demonstrating that y = 7e

−x + 3 is indeed a

solution.

(d) Show that the fun
tion y = Ce

−x + 3 is a solution to this differential equation for any

value of the 
onstant C. (You do this the same way you did the previous problems: just

let C work through the equations as a 
onstant.)

Solution: dy∕dx = −Ce−x and 3 − y = 3 − (Ce−x + 3) = −Ce−x, so both sides of the

differential equation 
ome out the same for any value of C.

(e) What spe
i�
 fun
tion does this general solution give you for the value C = 0? Show

that this fun
tion is a solution to the differential equation.

Solution: It gives you the spe
i�
 fun
tion y = 3. Sin
e dy∕dx = 0 and 3 − y = 0, y = 3

is a solution to the differential equation.

Final Answer: y = 3

(f) Find the one and only fun
tion that satis�es both the differential equation dy∕dx = 3 − y

and the initial 
ondition y(0) = 1.

Solution: Plugging x = 0 and y = 1 into the general solution, 1 = Ce

−0 + 3 solves

to give C = −2. So y = −2e−x + 3 is the fun
tion that satis�es both the differential

equation and the initial 
ondition.

Final Answer: y = −2e−x + 3

(g) Show that the fun
tion y = 3 − e

10−x
is a solution to this differential equation. Then

explain why this does not violate the rule that the solution in Part d is the general

solution representing all possible solutions.

Solution:dy∕dx = e

10−x
and3− y = e

10−x
. They 
omeout the same so this is a solution.

But this solution 
an also be written in the form y = −e10e−x + 3, �tting the form of

the general solution given previously with C = −e10.
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1.39 P

′(t) = −10P(t)

Solution: P(t) = Ce

−10t

Condition: P(0) = 7

Solution: (a) P

′(t) = −10Ce−10t −10P(t) = −10Ce−10t

(b) P(0) = Ce

0 = 7 solves to give C = 7. Thus, P(t) = 7e

−10t
.

Final Answer: P(t) = 7e

−10t
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1.40 u

′(t) =
√
u

Solution: u(t) = (t∕2 + C)2

Condition: u(0) = 5

Solution: (a) u

′(t) = 2(t∕2 + C) × 1∕2 = t∕2 + C√
u =

√
(t∕2 + C)2 = t∕2 + C

(b) u(0) = C

2 = 5 gives you two possible values,C = ±
√
5. Therefore, there are two

parti
ular solutions, u(t) = (t∕2 ±
√
5)2, whi
h mat
h the given initial 
ondition.

Final Answer: u(t) = (t∕2 ±
√
5)2
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1.41

√
x

dy

dx

= y

2

e

√
x

Solution: y =
−1

2e

√
x + C

Condition: y(0) = 5

Solution: (a)

y = −(2e
√
x + C)−1

dy

dx

= (2e
√
x + C)−2 × 2e

√
x ×

1

2

x

−
1

2

√
x

dy

dx

=
e

√
x

(2e
√
x + C)2

y

2

e

√
x =

1

(2e
√
x + C)2

× e

√
x

(b) y =
−1

2e

√
0 + C

= 5 solves to give C = −
11

5

. Thus, y =
−1

2e

√
x −

11

5

.

Final Answer: y = −1∕(2e
√
x − 11∕5)
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1.42 dy∕dx + y∕x = 4 ln x (x > 0)

Solution: y = 2x ln x − x + C∕x

Condition: y(1) = 10

Solution: (a) dy∕dx = 2 ln x + 2 − 1 − C∕x2 = 2 ln x + 1 − C∕x2

y∕x = 2 ln x − 1 + C∕x2

dy∕dx + y∕x = 4 ln x

(b) y = 2(1) ln 1 − 1 + C∕1 = 10 solves to give C = 11. Thus, y = 2x ln x − x +

11∕x.

Final Answer: y = 2x ln x − x + 11∕x
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1.43 dy∕dx = (1 − 2xy)(x2 + 1)

Solution: y = (C + x)(x2 + 1)

Condition: y(1) = −1

Solution: (a)

dy

dx

=
(1)(x2 + 1) − (C + x)(2x)

(x2 + 1)2

1 − 2xy

x

2 + 1

=

x

2+1

x

2+1
−

2x(C+x)

x

2+1

x

2 + 1

=
(x2 + 1) − (C + x)(2x)

(x2 + 1)2

(b) y = (C + 1)(12 + 1) = −1 solves to give C = −3∕2. Thus, y = (x − 3∕2)(x2 + 1).

Final Answer: y = (x − 3∕2)(x2 + 1)
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1.44 d

2

x∕dt2 = −9.8

Solution: x = C

1

+ C

2

t − 4.9t2

Conditions: x(0) = 6, x

′(0) = −3

Solution: (a) dx∕dt = C

2

− 4.9(2)t = C

2

− 9.8t

d

2

x∕dt2 = −9.8

(Youmay re
ognize this DE as the a

eleration due to Earth's gravity and the solution

as the kinemati
 equation for position in the verti
al dire
tion for a proje
tile with an initial

verti
al position of C

1

and an initial verti
al velo
ity C

2

.)

(b) x(0) = C

1

+ C

2

(0) − 4.9(0)2 = 6 solves to give C

1

= 6

x

′(0) = C

2

− 9.8(0) = −3 solves to give C
2

= −3

Thus, x = 6 − 3t − 4.9t2 is the parti
ular solution.

Final Answer: x = 6 − 3t − 4.9t2
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1.45 u

′′(t) + 4t

3 = 4u(t) + 6t

Solution: u(t) = t

3 + C

1

e

2t + C

2

e

−2t

Conditions: u(0) = 5, u

′(0) = 6

Solution: (a) u

′(t) = 3t

2 + 2C

1

e

2t − 2C

2

e

−2t

u

′′(t) = 6t + 4C

1

e

2t + 4C

2

e

−2t

u

′′(t) + 4t

3 = 6t + 4C

1

e

2t + 4C

2

e

−2t + 4t

3

4u(t) + 6t = 4t

3 + 4C

1

e

2t + 4C

2

e

−2t + 6t

(b) u(0) = C

1

+ C

2

= 5

u

′(0) = 2C

1

− 2C

2

= 6

Solving this system of equations gives you C

1

= 4 and C

2

= 1. Thus, u(t) = t

3 +

4e

2t + e

−2t
.

Final Answer: (b) u(t) = t

3 + 4e

2t + e

−2t
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1.46 For ea
h s
enario write a differential equation to des
ribe the situation, spe
ify how many

arbitrary 
onstants would be in the general solution, and give one possible set of physi
al


onditions that 
ould be used to �nd the values of those arbitrary 
onstants. For example,

for a mass on a spring that exerts a for
e F = −kx you might write the following:

∙ m(d2

x∕dt2) = −kx

∙ Sin
e this is a se
ond-order equation the general solution will have two arbitrary 
on-

stants.

∙ To spe
ify their values you 
ould use the position and velo
ity of the mass at t = 0.

(a) A population of mi
eM(t). Ea
h year every mouse has on average 4 babies, and preda-

tors kill 100 of the mi
e.

Solution: Sin
e dM∕dt = 4M − 100 is a �rst-order linear DE, the general solution will

have one arbitrary 
onstant. To �nd this 
onstant, you 
ould use the population of mi
e

at t = 0.

Final Answer: dM∕dt = 4M − 100, one arbitrary 
onstant, population at t = 0.

(b) A sample of radioa
tive material R(t). In some �xed interval of time half of the sample

de
ays. (Sin
e the half-life isn't spe
i�ed here your differential equation will have an

unknown 
onstant in it, separate from the arbitrary 
onstants that would appear in the

solution if you were to solve it.)

Solution: In radioa
tive de
ay, the rate of de
ay is proportional to the amount of radioa
-

tive material present. Hen
e, dR∕dt = −kR, where k is the unknown de
ay 
onstant.

Sin
e this is a �rst-order linearDE, the general solutionwill have one arbitrary 
onstant.

To �nd this 
onstant, you 
ould use the amount of radioa
tive material at t = 0.

Final Answer: dR∕dt = −kR, one arbitrary 
onstant, amount of material at t = 0

(
) The temperature in a long hallway T (x) obeys the differential equation d2

T∕dx2 = 0.

(You don't have to write the differential equation for this one sin
e we gave it to you.)

Solution: Sin
e this is a se
ond-order linear DE, there are two arbitrary 
onstants in

the general solution. To �nd these, you 
ould use the temperature reading at the two

ends of the hallway. (Sin
e it is mu
h easier to measure temperature than tomeasure the

�rst derivative of temperature, it will be easier for you to take two temperature readings

rather than one temperature and one �rst derivative reading at any one point.)

Final Answer: two arbitrary 
onstants, temperature at the two ends of the hallway

(d) A falling obje
t experien
es a 
onstant gravitational for
e −mg and an upward drag

for
e proportional to the obje
t's speed.

Solution: Su
h a problem is based on Newton's se
ond law Ftotal = ma. The a in that

equation is d

2

x∕dt2 so this is a se
ond-order differential equation. In this 
ase there are

two for
es a
ting. One is the 
onstant for
e−mg of gravity. The other is the drag for
e,

whi
h we 
an write as F

drag

= −bv where b is a positive 
onstant. (The negative sign

indi
ates that the for
e always points in the opposite dire
tion of the velo
ity, whi
h is

what drag for
es do.)

m

d

2

x

dt

2

= −b
dx

dt

− mg

Su
h a se
ond-order differential equation would require two initial 
onditions and

therefore two arbitrary 
onstants. The most likely 
onditions would be the position and

velo
ity at one parti
ular moment, whi
h we might designate as x(0) and v(0).

Final Answer: d

2

x∕dt2 = −(b∕m)(dx∕dt) − g, two arbitrary 
onstants, position and

velo
ity at t = 0



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 49

49

1.47 Consider the differential equation x(dy∕dx) = y ln y.

(a) Many differential equations 
anbe solved for any given initial 
onditions. This equation,

however, is restri
ted. For instan
e, we 
an see immediately that no solution is possible

with the initial 
ondition y(1) = −1. Why? Another impossible 
ondition is y(0) = 2.

Why? (Assume all variables are real.)

Solution: The presen
e of ln y on the right side of the differential equation imposes the

limitation y > 0, whi
h rules out y(1) = −1.

If x = 0 then the left side is zero, whi
hmeans the right side must be zero, whi
h means

y must be 1, whi
h rules out y(0) = 2.

(b) One solution to this problem is the 
onstant fun
tion y = 1. Show that this fun
tion

solves the equation by �nding x(dy∕dx) and y ln y and showing they are the same.

Solution: x(dy∕dx) and y ln y both equal zero in this 
ase

(
) The general solution to this equation is y = e

Cx

. Show that this fun
tion solves the

equation by �nding x(dy∕dx) and y ln y and showing they are the same.

Solution:

dy

dx

= e

Cx × C

x

dy

dx

= e

Cx × Cx

y ln y = e

Cx × (Cx)

Both sides of the DE give e

Cx × Cx.

(d) If the fun
tion given in Part 
 is the general solution, it should in
lude all solutions�

in
luding the one in Part b. Show that it does by �nding the value of C that leads to that

solution.

Final Answer: C = 0

(e) Of all the fun
tions that solve this differential equation, only one of them has the

property that y(2) = 5. By plugging x = 2 and y = 5 into the general solution, �nd the

value of C that mat
hes this 
ondition.

Final Answer: C = (1∕2) ln 5
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1.48 For the differential equation dy∕dx = 1 − y

2

, the general solution is y = (Ce2x − 1)∕(Ce2x +

1).

(a) List all of the following fun
tions that are valid solutions to this differential equation.

(Youdonot have to test ea
honeout in the differential equation,whi
hwouldbe tedious.

Instead, see whi
h fun
tions �t the �template� provided by the general solution.)

i. y = 0

ii. y = −1

iii. y = e

2x

iv. y = (3e2x − 1)∕(3e2x + 1)

v. y = (−5e2x − 1)∕(−5e2x + 1)

vi. y = (3e2x − 1)∕(−5e2x + 1)

Final Answer: (ii), (iv), and (v)

(b) Choose one of the fun
tions that you said was a valid solution, and demonstrate that it

does indeed satisfy the differential equation. (Go ahead, 
hoose the easy one!)

Solution: For y = −1, dy∕dx and 1 − y

2

are both 0.

(
) Find the fun
tion that satis�es this differential equationwith the initial 
ondition y(0) =

5. (It is not one of the fun
tions listed above.)

Solution: Plug in x = 0 and y = 5 into the general solution to �nd that C = −3∕2 for

this initial 
ondition.

y =
−(3∕2)e2x − 1

−(3∕2)e2x + 1

Final Answer: y =
−(3∕2)e2x − 1

−(3∕2)e2x + 1

(d) Find lim

C→∞
of the general solution given in the problem and show that the resulting

fun
tion is also a valid solution.

Solution: In the limit C → ∞, both the numerator and the denominator of the general

solution approa
h in�nity. You 
an use l'H�pital's Rule to take the derivative with

respe
t to C of both the top and bottom:

lim

C→∞

d

dC

(Ce2x − 1)

d

dC

(Ce2x + 1)
= lim

C→∞

e

2x

e

2x

= 1

Thus, the lim

C→∞
of the general solution is equal to 1. The resulting fun
tion y = 1 is a

valid solution be
ause both dy∕dx and 1 − y

2

are 0.

Final Answer: 1
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1.49 Two parti
ular solutions of the equation 4f

′′(z) + f (z) = 4f

′(z) are f
1

(z) = e

z∕2
and f

2

(z) =

ze

z∕2
.

(a) Show that any linear 
ombination Af

1

(z) + Bf

2

(z) is also a valid solution to the differ-

ential equation.

Solution: Let f = Af

1

+ Bf

2

f

′ = Af

′
1

+ Bf

′
2

f

′′ = Af

′′
1

+ Bf

′′
2

4f

′′ + f = 4(Af ′′
1

+ Bf

′′
2

) + (Af
1

+ Bf

2

) = A(4f ′′
1

+ f

1

) + B(4f ′′
2

+ f

2

) = A(4f ′
1

) +

B(4f ′
2

)

In the last step, use the fa
t that f

1

and f

2

are solutions to the differential equation to

rewrite the parts in the parentheses.

4f

′ = 4(Af ′
1

+ Bf

′
2

) = 4Af

′
1

+ 4Bf

′
2

Sin
e both sides of the differential equation 
ome out the same, then f is a solution.

(b) Find the parti
ular solution that satis�es the 
onditions f (2) = 14e and f

′(2) = 12e.

Solution: Plugging z = 2 into the general solution f (z) = Ae

z∕2 + Bze

z∕2
and setting

that equal to 14e gives you:

(1) Ae + 2Be = 14e

The derivative of the general solution is f

′(z) = (1∕2)Aez∕2 + B[ez∕2 + z(1∕2)ez∕2].

Plugging z = 2 into f

′(z) and setting that equal to 12e gives you:

(2) (1∕2)Ae+ 2Be = 12e

Solving (1) and (2) simultaneously, you getA = 4 and B = 5. Therefore, f (z) = 4e

z∕2 +

5ze

z∕2
is the parti
ular solution that satis�es those initial 
onditions.

Final Answer: f (z) = 4e

z∕2 + 5ze

z∕2
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1.50 A simple harmoni
 os
illator follows the differential equation d

2

x∕dt2 = −9x.

(a) Show that the fun
tion x = C sin(3t) is a valid solution of this equation for any value

of the 
onstant C.

Solution: For this fun
tion x

′(t) = 3C 
os(3t) so x

′′(t) = −9C sin(3t) whi
h is indeed

−9x(t).

(b) Show that it is impossible, using the solution from Part a, to meet the initial 
onditions

x(0) = 4 and x

′(0) = 12.

Solution: Plugging t = 0 into x = C sin(3t) gives you x = 0, for any value of C you


hoose. Therefore, you 
an never make x = 4 if you use the solution in this form.

(
) Show that x = C sin(3t + �) is a valid solution to the differential equation for any values

of the 
onstants C and �.

Solution:

dx∕dt = 3C 
os(3t + �)

d

2

x∕dt2 = −9C sin(3t + �) = −9x

(d) Find the fun
tion that solves this differential equation and meets the initial 
onditions

given in Part b.

Solution: Plugging t = 0 and x = 4 into x = C sin(3t + �) gives you:

(1) 4 = C sin�.

Plugging t = 0 and x

′ = 12 into x

′(t) = 3C 
os(3t + �) gives you:

(2) 12 = 3C 
os�.

Dividing (1) by (2), you get: 1 = tan�. This tells you that � = �∕4. Plugging� = �∕4

into either (1) or (2) will give you C = 4

√
2.

Therefore, the parti
ular solution that satis�es those initial 
onditions is:

x = 4

√
2 sin(3t + �∕4).

Final Answer: x = 4

√
2 sin(3t + �∕4)
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1.51 One of the simplest differential equations is the equation that says �The quantity x grows

at a 
onstant rate.� Suppose that every one unit of time t, the quantity x grows by exa
tly k.

(a) Write a differential equation that expresses this rule.

Final Answer: dx∕dt = k

(b) Write the general solution x(t) to your differential equation. Note that your solutionwill

have two unrelated 
onstants in it: the k from the equation, and the C from the solution.

Final Answer: x = kt + C

(
) Choosing k = 3, graph the different solutions for three different C-values.

Solution:

(d) Choosing k = −3, graph the solutions for the same three C-values.

Solution:

(e) Explain in words: what kind of growth results from this differential equation? How

does k affe
t the behavior of the system and how does C affe
t it?

Solution: A linear growth; k tells you the rate of growth while C tells you how mu
h

you started with.
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1.52 A simple model for population growth is �the more you have, the more you get�: put more

mathemati
ally, �the rate of growth of the population is proportional to the population

itself.�

(a) Write a differential equation that expresses this model. Use P for the population, t for

the time, and k for the 
onstant of proportionality.

Final Answer: dP∕dt = kP

(b) Solve your differential equation �by inspe
tion�: that is, look at it until you 
an think of

any fun
tion that works. (For the moment, avoid the �trivial� solution P(t) = 0. We'll


ome ba
k to that one.)

Final Answer: P = e

kt

(
) Now, start to modify your solution. If you add 5, does it still work? If you multiply by

3, does it still work?Your goal here is to arrive at the general solution: that is, a fun
tion

that satis�es the original differential equation for any value of an arbitrary 
onstant C.

Solution: Adding numbers to the above solution will not work, but multiplying the

solution by any 
onstant does work. If you let the general solution be P = Ce

kt

, then

dP∕dt = kCe

kt = kP, so this solution will work for any value of an arbitrary 
onstant.

Final Answer: P = Ce

kt

(d) The solution P(t) = 0 should be a spe
ial 
ase of your general solution. Find a value of

C for whi
h your general solution be
omes P(t) = 0.

Final Answer: C = 0

(e) Choosing k = 2, graph three different solutions of this differential equation, using dif-

ferent starting values P(0). Make sure your graphs �t the 
laim that our differential

equation began with: the higher the population, the faster the growth (i.e., the higher

the slope)!

Solution:

(f) Choosing k = 1∕2, graph solutions for the same three starting values P(0).

Solution:

(g) Explain in words: what kind of growth results from this differential equation? How

does k affe
t the behavior of the system and how does C affe
t it?

Solution: An exponential growth; k affe
ts how fast the system grows (by affe
ting

both the rate of growth and how fast the rate of growth 
hanges�the bigger the k, the

bigger the growth rate and the faster the growth rate in
reases), while C still tells you

how mu
h you started with.
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1.53 A tank 
ontains 3 l of water. 30 g of salt are mixed evenly throughout the tank. Salt water

is draining from the tank at a 
onstant rate of 1 l/h. Let S be the amount of salt (measured

in grams) remaining in the tank as a fun
tion of t (measured in hours).

(a) If nothing else is happening, write a differential equation for the fun
tion S(t). Begin

by asking yourself: how mu
h salt disappears from the tank ea
h hour?

Solution: The amount of salt that disappears equals the 
on
entration of salt times the

drainage rate.

30 g

3 l

×
1 l

hour

= 10

g

hour

Sin
e this is how mu
h salt is disappearing every hour, the differential equation is

dS∕dt = −10.

Final Answer: dS∕dt = −10

(b) Find the solution to your differential equation in Part a with the initial 
ondition S(0) =

30.

Solution: S(t) = −10t + C is the general solution. Plugging t = 0 and S = 30 into this

equation gives you C = 30.

Final Answer: S(t) = −10t + 30

(
) Now assume that from the beginning fresh water is being dumped into the tank at a


onstant rate of 1 l/h, so the total volume of the tank is kept 
onstant at 3 l, and the salt

is always mixed evenly throughout the water. Write a different differential equation for

S(t) in this s
enario, on
e again beginning with the question: howmu
h salt disappears

from the tank ea
h hour?

Solution: Again, the amount of salt that disappears equals the 
on
entration of salt

times the drainage rate. Sin
e the salt is leaving but the water volume is staying the

same, the 
on
entrationwill 
hange with time. The 
on
entration at any parti
ular time

is just the total amount of salt in the tank at that time divided by the total amount of

water in the tank, so it is S(t)∕3 g/liter. The drainage rate is still the same, 1 liter/hr. So

the amount of salt that disappears is S(t)∕3 × 1 = S(t)∕3.

dS

dt

= −
1

3

S

Final Answer: dS∕dt = −S∕3

(d) Find the solution to your differential equation in Part 
 with the initial 
ondition S(0) =

30.

Solution: S(t) = Ce

−(1∕3)t
is the general solution. Plugging t = 0 and S = 30 into this

general solution gives C = 30.

Final Answer: S(t) = 30e

−(1∕3)t

(e) Draw a qui
k sket
h of your solution.

Solution:
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1.54 Water is leaking from a hole at the bottom of a tank. The height of water in the tank de
reases

at a rate proportional to the square root of the height.

(a) Why, physi
ally, does the rate of leaking 
hange over time, instead of being 
onstant?

Solution: The water on top pushes on the water at the bottom, 
reating more pressure

to for
e it through the hole. The less water, the less pressure.

(b) Using h for the height of water in the tank and t for time, write the differential equation

for h(t). Your equation will 
ontain a 
onstant of proportionality k.

Final Answer: dh∕dt = −k
√
h

(
) Is your 
onstant k positive or negative? How 
an you tell? What are the units of k?

Solution: The height h is positive, and the rate of 
hange dh∕dt is negative be
ause the

height is de
reasing. If you write dh∕dt = k

√
h then k is negative. For this reason we

prefer dh∕dt = −k
√
h whi
h leads to a positive k. It doesn't 
hange the equations in

any fundamental way, but it makes it easier to interpret the answer.

Be
ause h has units of length and dh∕dt has units of length/time, k must have units of

time

−1
.

Final Answer: If dh∕dt = k

√
h then k < 0. If dh∕dt = −k

√
h then k > 0. Either way

k has units of time

−1
.

(d) Based on your differential equation, des
ribe in words how the height of the water will


hange over time.

Solution: The height h will de
rease. As it de
reases, dh∕dt will get less negative, so

the rate of de
rease will slow. The height will approa
h zero more and more gradually.

(e) Now suppose it is raining into the top of the tank at a rate of 4 in/h. Write a new

differential equation for h(t).

Final Answer: dh∕dt = 4 − k

√
h

(f) Your newdifferential equation has one spe
ial solution, an �equilibrium solution�where

the amount of water �owing in and the amount of water �owing out are perfe
tly

balan
ed. What is the height of the equilibrium solution? Hint: you 
an tell by looking

at your differential equation and thinking about dh∕dt at equilibrium!

Solution: At equilibrium dh∕dt = 0 so 4 − k

√
h = 0 so h = 16∕k2.

Final Answer: h = 16∕k2
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1.55 You are running a s
ienti�
 experiment on the ba
teria Veribado
illin. The amount of

ba
teria in your 
ontainer is 
onstant, and every se
ond it produ
es 2 g of the 
hemi
al

Situnsene. You have �lters in your 
ontainer that remove 2% of the Situnsene ea
h se
ond.

(a) Write a differential equation for the amount of Situnsene S(t) in the 
ontainer.

Final Answer: dS∕dt = 2 − .02S

(b) Verify that S(t) = e

−.02t + 100 is a solution to the equation you wrote.

Solution:

dS

dt

= −.02e−.02t

2 − .02S = 2 −
(
.02e−.02t + 2

)
= −.02e−.02t

(
) Use trial and error to �nd howyou 
anmodify this solution to write the general solution.

You 
ould try adding an arbitrary 
onstant to S, multiplying S by an arbitrary 
onstant,

or adding or multiplying arbitrary 
onstants to different parts of S. For ea
h thing you

try you should 
al
ulate both sides of the differential equation and 
he
k whether they

mat
h for any value of the arbitrary 
onstant. On
e you �nd a solution that works, you

have the general solution.

Final Answer: S(t) = Ce

−.02t + 100

(d) Find the solution S(t) if the experiment started with 200 g of Situnsene.

Solution: The initial 
ondition gives S(0) = 200 = C + 100 so C = 100 and S(t) =

100(e−.02t + 1).

Final Answer: S(t) = 100(e−.02t + 1)

(e) You should�nd fromyour equation that at late times theamount ofSitunsene approa
hes

a 
onstant. Find the value of this 
onstant and explain why the amount of Situnsene 
an

stay 
onstant at this value.

Solution:

lim

t→∞
S(t) = 100

Looking at the differential equationwe see that if S = 100 thendS∕dt = 0 so the amount

of S never 
hanges. Physi
ally, if you have 100 g, then the 2% being removed every

se
ond is exa
tly the same as the 2 g being added every se
ond.

Final Answer: lim

t→∞
S(t) = 100

(f) Draw a qui
k sket
h of your solution.

Solution:
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1.56 dy∕dx = y is a �rst-order linear differential equation.

(a) Show that y = (C
1

+ C

2

)ex is a solution for any 
onstants C
1

and C

2

.

Solution: dy∕dx = (C
1

+ C

2

)ex = y

(b) The general solution to a �rst-order linear differential equation should have only one

independent arbitrary 
onstant. Explain why the solution in Part a does not violate this

rule.

Solution: C

1

+ C

2

is just another representation for a 
onstant, so the solution still has

the form (
onstant)×ex. Even though C

1

and C

2


an take any values they want, their

sum still gives you one 
onstant value. So, there is only one independent 
onstant.

(
) Show that y = C

1

e

x+C
2

is a solution for any 
onstants C

1

and C

2

.

Solution: dy∕dx = C

1

e

x+C
2 = y

(d) Explain how Part 
 also does not violate the rule that the general solution 
an have only

one independent arbitrary 
onstant.

Solution: C

1

e

x+C
2


an be written as C

1

e

C

2

e

x

, and C

1

e

C

2

is just a fan
y way of saying

"some 
onstant". The solution still has the form of (
onstant)×ex, so there is only one

independent 
onstant.

(e) Write the general solution to this equation in a form 
ontaining only one arbitrary


onstant.

Final Answer: y = Ce

x
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1.57 Consider the linear differential equation d

2

x∕dt2 = x.

(a) The general solution to this equation is x = Ae

t + Be

−t
, where A and B are arbitrary


onstants. Find the 
onstants A and B given the initial 
onditions x(0) = 0, x

′(0) = 1.

Solution: x(0) = A + B = 0

x

′(t) = Ae

t − Be

−t

x

′(0) = A − B = 1

Final Answer: A = 1∕2 and B = −1∕2

(b) An alternative way of expressing the general solution is x = C sinh(t) + D 
osh(t),

where sinh(t) = (1∕2)(et − e

−t) and 
osh(t) = (1∕2)(et + e

−t) andC andD are arbitrary


onstants. Find the 
onstants C and D given the initial 
onditions x(0) = 0, x

′(0) = 1.

Solution: x(0) = C(1∕2)(1− 1) + D(1∕2)(1+ 1) = D = 0

x

′(t) = C(1∕2)(et + e

−t) + D(1∕2)(et − e

−t)

x

′(0) = C(1∕2)(1+ 1) + D(1∕2)(1− 1) = C = 1

Final Answer: C = 1 and D = 0

(
) Show that your 
onstants in Parts a and Part b lead to the same solution (the only 
orre
t

solution to this differential equation with these 
onditions).

Solution: Plugging in A = 1∕2 and B = −1∕2 into x = Ae

t + Be

−t
gives you

x = 1∕2et − 1∕2e−t = (1∕2)(et − e

−t).

Plugging in C = 1 and D = 0 into x = C sinh(t) + D 
osh(t) gives you x = sinh(t) =

(1∕2)(et − e

−t).

Both forms of the general solution redu
e to the same equation when the 
onstants

spe
i�
 to the initial 
onditions are plugged into the 
orresponding general solutions.
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1.58 An obje
t moves a

ording to the simple harmoni
 os
illator equation d

2

x∕dt2 = −x.

(a) Show that x = A sin t + B 
os t is a valid solution.

Solution: dx∕dt = A 
os t − B sin t

d

2

x∕dt2 = −A sin t − B 
os t = −x

So x = A sin t + B 
os t satis�es the differential equation.

(b) Show that x = C sin(t + �) is a valid solution.

Solution: dx∕dt = C 
os(t + �)

d

2

x∕dt2 = −C sin(t + �) = −x

(
) Show that both of these general solutions are in fa
t the same, by expressing A and B

in terms of C and � or vi
e- versa. You may need to look up some trig identities.

Solution:

sin(a + b) = sin a 
os b + 
os a sin b

C sin(t + �) = C (sin t 
os� + 
os t sin�)

= C 
os� sin t + C sin� 
os t

A = C 
os�

B = C sin�

Final Answer: A = C 
os�, B = C sin�
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1.59 A 
ar is zooming down the road at a 
onstant speed of 55 mph.

(a) Given that v = 55, and given the de�nition of v, write a differential equation for x(t).

Final Answer: dx∕dt = 55

(b) Solve that differential equation: that is, write some fun
tion x(t) that makes that differ-

ential equation true. You may be able to write many different x(t) fun
tions that work

for this. Ultimately, you want to wind up with an answer that has an arbitrary 
onstant

C in it, to represent all possible solutions.

Final Answer: x(t) = 55t + C

You now have an equation for x(t). But it has an arbitrary 
onstant C in it. What does that

mean? Given the information we have��a 
ar moving at 55 mph��we don't know where

the 
ar is, until we get more information.

(
) Here 
omes more information: at time t = 0, the 
ar was at position x = −5. Use that

fa
t to �ndC and write the real equation for x(t): the one that will a
tually tell us where

the 
ar is.

Solution:Plugging in x = −5 and t = 0 into the equation for x(t) above, yougetC = −5,

so x(t) = 55t − 5.

Final Answer: x(t) = 55t − 5

(d) Des
ribe in words the motion des
ribed by your x(t) fun
tion. Does it make sense with

the physi
al situation? Why or why not?

Solution: The fun
tion starts at x = −5 and in
reases linearly with a 
onstant slope

of 55. This makes sense with the physi
al situation be
ause the 
ar starts at position

x = −5 and moves forward with a 
onstant speed of 55 mph.
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1.60 A piano is dropped from the top of a building. Negle
ting fri
tion for the moment, the for
e

is given by F = −mg, where g is a positive 
onstant.

(a) Write and solve an algebrai
 equation for a(t).

Solution: F = ma = −mg gives you a = −g.

Final Answer: a = −g

(b) Given that, write a differential equation for v(t). (The position x should not be in this

equation.)

Solution: Use a = dv∕dt to get dv∕dt = −g.

Final Answer: dv∕dt = −g

(
) Solve that differential equation. On
e again, you may be able to write many different

v(t) fun
tions that work, so use an arbitrary 
onstant to represent all possible solutions.

Call your 
onstant C

1

instead of just C.

Final Answer: v(t) = −gt + C

1

(d) Now, using your answer to Part 
 and the de�nition of velo
ity, write a differential

equation for x(t).

Final Answer: dx∕dt = −gt + C

1

(e) Solve that. Of 
ourse, the 
onstant C

1

will be in there, sin
e it was part of v. But

still, there will be many possible solutions. To represent them all, you will need a new

arbitrary 
onstant C

2

.

Final Answer: x(t) = −(1∕2)gt2 + C

1

t + C

2

You now have an equation for x(t) that has two arbitrary 
onstants, C
1

and C

2

. We 
an �nd

the �rst one based on the given information.

(f) Sin
e the piano was �dropped� (not �thrown�), we 
an assume that v(0) = 0. Use this

to �nd the 
onstant C

1

. Then rewrite your x(t) formula with only one 
onstant, C
2

.

Solution:Plugging in v = 0 and t = 0 into the equation for v(t) abovegives youC
1

= 0,

so x(t) = −(1∕2)gt2 + C

2

.

Final Answer: x(t) = −(1∕2)gt2 + C

2

.

(g) Let's look at this graphi
ally. Suppose g = 10. Pi
k a value for C

2

and draw a graph of

your x(t) fun
tion. (You 
an do this using a 
al
ulator or 
omputer, but it should also

be easy by hand.) Then pi
k a different value for C

2

and draw another graph. Continue

until you have at least four graphs. What do they all have in 
ommon? How do they

differ?

Solution:

All the graphs have the same downward sloping shape and 
urvature, but their y-

inter
epts (where they start) are different.

(h) To 
hoose one spe
i�
 fun
tion, we need one more pie
e of information that was not

spe
i�ed in the problem. What is it?

Final Answer: The value of C

2

, whi
h represents the initial height.

(i) Makeup a reasonable answer andwrite the fun
tion x(t) thatmat
hes it,with no arbitrary


onstants.

Solution: Let's say the initial height is 30 meters, so C

2

= 30. Therefore, for this initial


ondition, x(t) = −(1∕2)gt2 + 30.

Final Answer: x(t) = −(1∕2)gt2 + 30
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(j) Des
ribe the motion of the piano in words. Does it make sense with the physi
al

situation? Does it 
orrespond to your answer?

Solution: The fun
tion x(t) starts at x = 30 with a horizontal slope and then de
reases

with progressively greater negative slopes toward negative in�nity. This 
orresponds to

the physi
al 
ondition that the piano is dropped from an initial height of 30 meters and

it falls down to the ground with in
reasing downward speeds. However, in the physi
al

situation the piano is stopped by the pavement at x = 0 at some time t, whereas the

fun
tion x(t) keeps going down past x = 0 mark.
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1.61 A 
ar is rolling along a �at highway. Neither the gas pedal nor the brakes are being pushed;

the only for
e on the 
ar is air resistan
e. A simple model is to say that air resistan
e is

proportional to velo
ity: that is, the faster you go, the more resistan
e you feel. We 
an

write that as F = −bv. Hint: if you have trouble with this problem you may want to work

through Problem 60 as a guide.

(a) What is the sign of b? Explain why this equation would not make sense physi
ally if b

had the other sign.

Solution: Air resistan
e pushes against the dire
tion of motion, so the for
e of air

resistan
e must be opposite that of velo
ity. This makes b positive.

Final Answer: positive

(b) What are the SI units of b?

Solution: From the equation F = −bv, b must have units of N/(m/s). Sin
e a Newton

is a kg m/s

2

, b has units of kg/s.

Final Answer: kg/s

(
) Write a differential equation for v.

Solution: F = ma = −bv. Now use a = dv∕dt to get m(dv∕dt) = −bv.

Final Answer: m(dv∕dt) = −bv

(d) Solve it in the most general terms possible. (This will introdu
e an arbitrary 
onstant.)

Solution: Rewriting the DE as dv∕dt = −(b∕m)v, you see that it has the form dv∕dt =

−kv. You already know the general solution to su
h an equation,whi
h is just v = Ce

−kt
.

So, letting k = (b∕m) and C = C

1

(sin
e you will have more than one 
onstant in your

�nal equation) the general solution is v(t) = C

1

e

−(b∕m)t
.

Final Answer: v(t) = C

1

e

−(b∕m)t

(e) Now, use that answer to write a differential equation for x.

Final Answer: dx∕dt = C

1

e

−(b∕m)t

(f) Solve it in the most general terms possible. (This will introdu
e another 
onstant.)

Final Answer: x(t) = −(m∕b)C
1

e

−(b∕m)t + C

2

(g) Suppose the 
ar started at position x = x

0

with velo
ity v = v

0

. Find the values of the

arbitrary 
onstants and write the fun
tion x(t) that des
ribes the motion of the 
ar.

Solution: Plugging t = 0 into the equation for v(t) immediately gives C

1

= v

0

. The

equation for x(t) then gives x
0

= −(m∕b)v
0

+ C

2

, soC

2

= x

0

+ (m∕b)v
0

. Plugging these

into x(t) gives

x(t) =
m

b

v

0

(
1 − e

−(b∕m)t
)
+ x

0

Final Answer: x(t) = (m∕b)v
0

(1 − e

−(b∕m)t) + x

0

(h) Che
k that ea
h term in your equation has 
orre
t units.

Solution: The ratio m∕b has units of s. That means the exponent is unitless, and that

(m∕b)v
0

has units of m, whi
h gives every term units of m.

(i) Takem = 2000, b = 1000, x

0

= 0, and v

0

= 20 in SI units. Draw qui
k sket
hes of x(t)

and v(t).

Solution:

(j) Des
ribe in words the motion your sket
h shows. Does it make sense with the physi
al

situation?
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Solution: The 
ar starts with an initial forward velo
ity, but gradually slows. It never


ompletely stops, but asymptoti
ally approa
hes a �nal position. It makes sense that it

would slow down sin
e the only for
e on it is air resistan
e. It also makes sense that it

would slow down more gradually over time sin
e the for
e on it de
reases as it slows.

(k) Sket
h the solution again with b = 2000 (and all other numbers the same). How did

that affe
t the motion?

Solution:

The 
ar slows down and stops more rapidly when there is more air resistan
e.
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1.62 For ea
h SHO below �nd the period, amplitude, and phase, or say whi
h ones 
annot be

determined from the given information.

Solution: In all 
ases the given equation is in the form x

′′(t) = −!2

x(t) so the solution

is in the form x(t) = C 
os(!t + �). The given 
onstant ! is the angular frequen
y, so the

period is 2�∕!. If no initial 
onditions are given then the amplitude and phase 
ould be

literally anything. If initial 
onditions are given, we 
an use them to solve for C (the

amplitude) and � (the phase).

(a) x

′′(t) = −9x

Final Answer: Period 2�∕3, amplitude and phase undetermined

(b) x

′′(t) = −25x, x(0) = 3, x

′(0) = 0

Final Answer: Period 2�∕5, amplitude 3, phase 0

(
) x

′′(t) = qx where q is a negative 
onstant

Final Answer: Period 2�∕
√
−q, amplitude and phase undetermined

(d) x

′′(t) = −e2zx, x(0) = 0, x

′(0) = 1 where z is a 
onstant

Final Answer: Period 2�∕ez, amplitude e−z, phase −�∕2
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1.63 The simple harmoni
 os
illator equation x

′′(t) = −!2

x(t) (where ! is a 
onstant) has solu-

tion x(t) = C 
os(!t + �). Solve for C (the amplitude of os
illation) and � (the phase) in

terms of the initial 
onditions x(0) = x

0

and v(0) = v

0

and the angular frequen
y !.

Final Answer: C =
√

x

2

0

+ v

2

0

∕!2

and � = tan

−1
[
−v

0

∕(!x
0

)
]
.
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1.64 For ea
h SHO below �nd the period, amplitude, and phase, or say whi
h ones 
annot be

determined from the given information.

(a) A 5 kg mass is on a spring with spring 
onstant 10 N/m. The for
e exerted by a spring

is −kx, where k is the spring 
onstant and x is the displa
ement from equilibrium.

Solution:We begin by 
ombining Newton's se
ond law F = ma with the ideal spring

law F = −kx to write ma = −kx.

5x

′′(t) = −10x(t)

Dividing both sides by 5 turns this into the SHO equation x

′′(t) = −2x(t) with !2 = 2,

so the period is �
√
2 se
onds. Without initial 
onditions we 
an say nothing about the

amplitude or phrase.

Final Answer: Period �
√
2, amplitude and phase undetermined

(b) The system in Part a is pulled out by a distan
e of 0.2 m and released from rest.

Solution: Now we have x(0) = 0.2 and x

′(0) = 0. Plugging them into the solution

x(t) = C 
os(
√
2 t + �) we 
an solve to �nd C = 0.2 and � = 0.

Final Answer: Period �
√
2, amplitude 0.2, phase 0

(
) A 2 m pendulum. A simple pendulum approximately obeys the equation

�′′(t) = −(g∕L)� where g = 9.8 m/s2 and L is the length of the pendulum.

Solution: In this 
ase !2 = g∕L = 4.9, so the period is 2�∕
√
4.9.

Final Answer: Period 2�∕
√
4.9, amplitude and phase undetermined

(d) A 2 m pendulum starts at � = 0 with initial angular velo
ity �′(t) = 3 s

−1
.

Final Answer: Period 2�∕
√
4.9, amplitude 3∕

√
4.9, phase −�∕2
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1.65 Walk-Through: Slope Fields. The fun
tion y(x) evolves a

ording to the differential

equation dy∕dx = xy

2∕2.

(a) At the point (−2,−2), the differential equation predi
ts a slope of −4. Draw a small

line with a slope of −4 at this point. Your slope will not be exa
t, and that's OK! You


an't visually distinguish a slope of −4 from −5, but the slope should 
learly be mu
h

steeper than −1.

Solution: See below.

(b) Draw similar lines with the appropriate slopes at all integer points on the domain

x ∈ [−2, 2], y ∈ [−2, 2]: a total of 25 points in all.

Solution: See below.

(
) Starting at the origin, draw a 
urve that extends both to the right and the left, using your

slope lines as a guide.

Solution: See below.

(d) Draw three more 
urves, going through the points (0,−2), (0,−1), and (0, 1). In ea
h


ase, the detailed points you hit are not important, but the overall shape is: you should

be able to see at a glan
e where the 
urve is in
reasing and de
reasing, roughly where

it rea
hes a lo
al minimum, and so on.

Solution:

(e) Based on your slope �eld, what is lim

x→∞
y(x) if y(0) = −1?

Final Answer: 0
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1.66 dy∕dx = −1∕2

Solution:
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1.67 dy∕dx = y

Solution:
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1.68 dy∕dx = −y

Solution:
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1.69 dy∕dx = −x

Solution:
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1.70 dy∕dx = 2

y

Solution:
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1.71 dy∕dx = x∕y (For this problem use the range 1 ≤ y ≤ 5.)

Solution:
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1.72 dy∕dx = y + 2

Solution:

(
) y = −2 unstable

(e) If y starts at −2 it will stay at −2 forever. If it starts above or below −2 it will move

away from −2 faster and faster over time.

Final Answer: (
) y = −2 unstable
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1.73 dy∕dx = −(y + 2)

Solution:

(
) y = −2 stable

(e) If y starts at −2 it will stay at −2 forever. If it starts above or below −2 it will move

asymptoti
ally towards −2.

Final Answer: (
) y = −2 stable
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1.74 dy∕dx = 2y(3 − y)

Solution:

(
) y = 0 unstable, y = 3 stable

(e) If y starts at 0 it will stay there forever, and if it starts at 3 it will stay at 3 forever. If it

starts above 0 at any value other than 3 it will asymptoti
ally approa
h 3. If it starts below

0 it will get more negative faster and faster over time.

Final Answer: (
) y = 0 unstable, y = 3 stable
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1.75 dy∕dx = x

2 + y

2 − 4

Solution: Be
ause the behavior of this system is fairly 
ompli
ated it needs a lot of

points in the slope �eld to see it 
learly. We've also in
luded �ve 
urves.

(a) slope is 0 at all points along the 
ir
le 2 units radially away from the origin

(
) There are no equilibrium solutions; there is no value of y where the slope always stays

horizontal.

(e) If the system starts anywhere outside of the 
ir
le x

2 + y

2 = 4 then y will start moving

upward. If it happens to pass through that 
ir
le then y will brie�y de
rease until it passes

ba
k out again, by x = 2 at the latest. After that it will rise forever.

Final Answer: (
) no equilibrium solutions
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1.77 Draw a slope �eld for the differential equation dy∕dx = k(y − a)(y + b) where k, a, and b

are all positive 
onstants. Sin
e you don't have numeri
al values for these 
onstants you


an't know exa
tlywhat the a
tual slopes are, but you 
an still make a slope �eld that shows

where the slopes are zero, positive or negative, and where they tend to be large or small.

Label the equilibrium points on the y-axis.

Solution: k(y − a)(y + b) rea
hes zero at y = −b and y = a, so those are the equilib-

rium values. Looking around those values�

∙ For y < −b the slope is positive.

∙ For −b < y < a the slope is negative.

∙ For y > a the slope is positive.

We 
an therefore see that the equilibrium at y = −b is stable. (If y is a bit less than −b it

will move up; if it is more, it will move down.) The equilibrium at y = a is unstable. (If y

is less than a it will move down, and if it is more it will move up.)
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1.78 If you're not familiar with the wonderful fun
tion e

−x2
, there are two things you need to

know for this problem. First, the equation f

′(x) = e

−x2
has no simple analyti
al solution.

Se
ond, the graph of y = e

−x2
is shown below; it is always positive, rea
hes an absolute

maximum at (0, 1), and approa
hes 0 as x → ±∞.

1

y = e‒x2

x

y

(a) Based on this graph, draw a slope �eld for the equation f

′(x) = e

−x2
.

Solution: See below.

(b) Let f (x) be the fun
tion that follows the differential equation f ′(x) = e

−x2
and 
ontains

the point (−3, 0). Use your slope �eld to sket
h a graph of y = f (x).

Solution:

(
) Use your sket
h to answer the question: What is the x-value of the point of in�e
tion

of f (x)?

Final Answer: x = 0

(d) Repeat Parts a�b for the differential equation f

′(x) = e

−f 2
. Then answer the question:

what is the y-value of the point of in�e
tion?

Solution:

Final Answer: y = 0
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1.79 The equations dy∕dt = 2y − 1 and dy∕dt = 1 − 2y look a great deal alike, but lead to very

different types of behavior. In this problem, you will draw slope �elds and analyze the

behavior of both equations; this will require two separate graphs.

Note: be
ause dy∕dt has no t-dependen
e, you 
an ignore negative t-values without

any loss of generality. So feel free to draw your slope �elds only for positive t.

(a) For both of these graphs, dy∕dt = 0 when y = 1∕2. So begin both slope �elds with

horizontal lines at all points where y = 1∕2.

Solution: See below.

(b) For dy∕dt = 2y − 1, 
ompute the slope when y = 1, and then draw in slope lines at all

points where y = 1. Then repeat for y = 2, y = 3, y = 0, y = −1, and y = −2.

Solution:

(
) Repeat Part (b) for dy∕dt = 1 − 2y.

Solution:

(d) Draw 
urves representing fun
tions that begin at (0, 0), (0, 1∕2), and (0, 1) for both

equations (six 
urves in all).

Solution: See above.

(e) For the equation dy∕dt = 2y − 1, the fun
tion y = 1∕2 represents an equilibrium solu-

tion: if y is ever 1/2, it will stay 1/2 forever. If y is �bumped� slightly above 1/2, how

will it evolve over time? If y is �bumped� slightly below 1/2, how will it evolve over

time? Does y = 1∕2 represent a stable or unstable equilibrium?

Solution: If y is above 1∕2 it will move up and if it's below 1∕2 it will move down, so

y = 1∕2 is an unstable equilibrium.

Final Answer: Unstable

(f) Repeat Part e for the equation dy∕dt = 1 − 2y.

Solution: If y is above 1∕2 it will move down towards 1∕2 and if it's below 1∕2 it will

move up towards it, so y = 1∕2 is a stable equilibrium.

Final Answer: Stable
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1.80 The equations dy∕dx = y − x and dy∕dx = x − y + 2 both have the same linear solution

y = x + 1, but behave quite differently otherwise. In this problem, you will draw slope

�elds and analyze the behavior of both equations; this will require two separate graphs.

(a) Show that y = x + 1 is a valid solution to both differential equations. (You will do this,

not with a graph, but by plugging in.)

Solution: Plugging this solution into the �rst DE, you get dy∕dx = 1 on the left side

and (x + 1) − x = 1 on the right side. Plugging this solution into the se
ond DE, you

still get dy∕dx = 1 on the left, and x − (x + 1) + 2 = 1 on the right.

(b) If y = x + 1 is a solution to a differential equation, then dy∕dxmust equal 1 everywhere

along that line. So begin both slope �elds by drawing lines with a slope of 1 at the

points (−3,−2), (−2,−1), and so on through (3, 4).

Solution: See below.

(
) In the equation dy∕dx = y − x, what happens to dy∕dx if you in
rease y by one unit

while leaving x un
hanged? Based on your answer, draw in the slope lines at all points

one unit higher than the points you drew in Part b.

Solution: See below for the graph.

Final Answer: dy∕dx in
reases by 1

(d) Based on the same logi
 you used in Part 
, draw in the slope lines one unit higher.

Then move down to one unit, and then two units, below the line y = x + 1.

Solution:

(e) Repeat Parts 
 and d on your other graph for dy∕dx = x − y + 2.

Solution:

(f) For the equation dy∕dx = y − x, if the fun
tion starts on the line y = x + 1, it will stay

on that line forever. How will a fun
tion evolve if it starts just above that line? Just

below that line?

Solution: If it starts just above the line, the fun
tion will swerve away from the line in

the upward dire
tion and keep going up into the positive y-values. If it starts just below
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the line, the fun
tion will swerve away from the line in the downward dire
tion and

keep going down into the negative y-values.

(g) For the equation dy∕dx = x − y + 2, if the fun
tion starts on the line y = x + 1, it will

stay on that line forever. How will a fun
tion evolve if it starts just above that line? Just

below that line?

Solution:The fun
tionwill asymptoti
ally approa
h the line y = x + 1whether it starts

above or below that line.
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1.81 In the Explanation (Se
tion 1.4.2), we used a slope �eld to determine that the equation

dy∕dx = y − 2x has only one linear solution, whi
h is y = 2x + 2. In this problem, you will

prove the same result analyti
ally.

(a) If there is a linear solution, it 
an be written in the form y = mx + b. So plug y = mx + b

into the differential equation dy∕dx = y − 2x.

Final Answer: m = mx + b − 2x

(b) The resulting equation sets two linear fun
tions of x equal to ea
h other. Put ea
h

fun
tion�the one on the left side of the equal sign, and the one on the right side�into

the standard form of a line.

Final Answer: 2x + m = mx + b

(
) If the left side of the equation is the same fun
tion as the right side, then their slopes

(
oef�
ients of x) must be equal, and their y-inter
epts (
onstant parts) must also be

equal. Use these two fa
ts to solve for m and b.

Final Answer: m = 2 and b = m = 2

(In
identally, an alternative approa
h is to remember that a line is the only fun
tion with

zero 
on
avity. So starting with dy∕dx = y − 2x you 
an set d

2

y∕dx2 = 0 and rea
h the

same 
on
lusion.)
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1.82 The population of the planet Foom is des
ribed by a fun
tion F(t). Every Foomian has, on

average, 2 babies per year.

(a) Assuming no Foomians ever die, write a differential equation for F(t).

Final Answer: dF∕dt = 2F

(b) Sket
h a slope �eld for the equation you wrote down in Part (a). Sin
e the number of

Foomians 
an never be negative you only need to in
lude values F ≥ 0. Identify any

equilibrium points in this range.

Solution:

Final Answer: F = 0 is an equilibrium point.

(
) Using this slope �eld, des
ribe all the possible long-term behaviors of F(t).

Solution: If the population starts out at F = 0, then it will always stay at F = 0 (you


an't breed any Foomians if you don't have any to start with). If the population starts

out at any value greater than 0, then F(t) qui
kly blows up toward positive in�nity.
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1.83 A vi
ious rumor is spreading through a 
ampus with a total population P. The number

of students who have heard the rumor obeys the �logisti
� differential equation dS∕dt =

kS(P − S) where k is a positive 
onstant.

(a) Draw a slope �eld for this equation. Be
ause S 
annot be smaller than 0 or larger than

P you only need to in
lude values of S in that range. Sin
e you don't have numeri
al

values for P and k you 
an't know exa
tly what the a
tual slopes are, but you 
an still

make a slope �eld that shows where the slopes are zero, positive or negative, and where

they tend to be large or small.

Solution: kS(P − S) rea
hes zero at S = 0 and S = P, so those are the equilibrium

values. Values of S that are below zero or aboveP are physi
ally meaningless here. For

all values 0 < S < P the slope is positive. But it is a small positive number (
lose to

zero) when S is 
lose to zero or 
lose to P, and bigger in between. (See below for the

plot.)

(b) For what values of S will S(t) remain 
onstant? (You 
an �gure this out either from

your slope �eld or dire
tly from the differential equation.)

Final Answer: S = 0 and S = P

(
) Choose a value of S(0) on your plot. (You don't need to pi
k a number; just mark a

point on your plot.) Sket
h the solution S(t) with that initial 
ondition on your slope

�eld. Do not use a solution where S(t) is 
onstant.

Solution:

(d) Based on your slope �eld, what is lim

t→∞
S(t)?

Final Answer: P
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1.84 An obje
t at −200◦C is pla
ed in a −1◦C room. The obje
t begins to warm, its temperature

u following the differential equation du∕dt = u

4 − 1.

(a) Explain why this equation, in this form, doesn't make sense for u > 1.

Solution: For u > 1, you predi
t that the obje
t will 
ool down so that it would mat
h

the room temperature. However, the differential equation predi
ts that the obje
t will

warm up, whi
h doesn't make sense.

(b) Using a slope �eld, sket
h the temperature u(t). Be sure to show the 
orre
t 
on
avity

at all times and the 
orre
t limit lim

t→∞
u(t).

Solution:
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1.85 Venusians, the plu
ky inhabitants of the planet Venus, reprodu
e by a pro
ess 
alled

�quatosis�: every year, every Venusian splits into four little Venusians. Left un
he
ked, the

population of Venusians would soon overwhelm their planet. However, Martians kidnap

12,000 Venusians from the planet every year.

(a) Write the differential equation that governs the number of Venusians V (t). Your differ-

ential equation should take into a

ount both the gain due to quatosis, and the loss due

to kidnapping.

Final Answer: dV∕dt = 3V − 12000

(b) Draw a slope �eld for that differential equation. You 
an safely ignore negative t and

V -values, whi
h 
on�nes your slope �eld to one quadrant. Beyond that, part of your

job is to 
hoose enough V -values to see the behavior of this differential equation.

Solution:

(
) The equation has one equilibrium state; what is it?

Final Answer: V = 4000

(d) Is the equilibrium state stable or unstable? How 
an you tell?

Solution: For V > 4000 the differential equation predi
ts dV∕dt > 0. So if the popu-

lation is higher than 4000 it will grow. The higher the population gets, the faster it will

grow.

ForV < 4000 the differential equation predi
ts dV∕dt < 0. So if the population is lower

than 4000 it will shrink. The lower the population gets, the faster it will shrink.

So this is an unstable equilibrium. If it is pre
isely 4000 it 
an stay that way, but if it

deviates from that level, the deviation will tend to in
rease over time.

Final Answer: unstable

(e) Explain in words to a non-mathemati
ian (fromEarth) what will happen if the Venusian

population starts higher than the equilibrium value, and why it will happen.

Solution: If the Venusian population starts higher than the equilibrium value, then the

Venusian populationwill grow be
ause more Venusians will be born ea
h year than are

kidnapped by the Martians. As the Venusian population grows, the birth rate in
reases

while the rate at whi
h Martians kidnap Venusians remains the same. Therefore, the

Venusian population 
ontinues to grow at higher and higher rates.
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1.86 The an
ient Martian ra
e is dying. The only way they keep their an
ient 
ulture going is by

kidnapping; every year, they steal 12,000 Venusians. Through a high-te
h pro
ess known

as �Marsi�
ation� they transform their vi
tims into Martians. Unfortunately, the pro
ess

is unstable; the Martians 
annot reprodu
e, and every year, one out of every �ve living

Martians dies.

(a) Write the differential equation that governs the number of MartiansM(t). Your differ-

ential equation should take into a

ount both the loss due to death, and the gain due to

Marsi�
ation.

Final Answer: dM∕dt = 12000− (1∕5)M

(b) Draw a slope �eld for that differential equation. You 
an safely ignore negative t and

M-values, whi
h 
on�nes your slope �eld to one quadrant. Beyond that, part of your

job is to 
hoose enoughM-values to see the behavior of this differential equation.

Solution:

(
) The equation has one equilibrium state; what is it?

Final Answer:M = 60000

(d) Is the equilibrium state stable, or unstable? How 
an you tell?

Solution: ForM > 60, 000 the differential equation predi
ts dM∕dt < 0. So if the pop-

ulation is higher than 60,000 it will shrink. As it shrinks down toward 60,000 the rate

of shrinking will slow.

For M < 60, 000 the differential equation predi
ts dM∕dt > 0. So if the population is

lower than 60,000 it will grow. As it grows toward 60,000 the growth rate will slow.

So this is a stable equilibrium.Nomatterwhere the population starts, it will trend toward

60,000 over time.

Final Answer: stable

(e) Explain in words to a non-mathemati
ian (from Earth) why your answer to Part d

makes sense. In other words, how 
ould you have looked at our des
ription ofMars and

predi
tedwithout doing anymath whether the equilibriumwould be stable or unstable?

Solution:TheMartian death rate is proportional to its own population. If the population

grows too mu
h, then the death rate will be high and the population will de
rease until

it is stable again. And if the population be
omes too small, then the death rate will

be
ome lower than the rate of Marsi�
ation, and the population will be given a 
han
e

to grow again until it starts to approa
h the equilibrium value.
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1.87 Newton's law of heating and 
ooling says that the rate of 
hange of the temperature Q of

an obje
t is proportional to the differen
e between the temperature of the obje
t and the

temperatureQ

R

of the room it's in.

(a) Write this law as a differential equation for Q. Your equation will have a 
onstant of

proportionality in it, whi
h you 
an 
all k. Assume k is positive and make sure the signs

in your equation make sense physi
ally. (Does it behave 
orre
tly when Q > Q

R

and

when Q < Q

R

?)

Solution: The �differen
e between Q and Q

R

� 
ould be written as either Q − Q

R

or

Q

R

− Q. In this 
ase we want the latter form.

dQ

dt

= k(Q
R

− Q)

Why? IfQ < Q

R

(the obje
t is 
ooler than the room) then this equation 
orre
tly predi
ts

thatdQ∕dtwill be positive (the obje
twill heat up).Conversely, ifQ > Q

R

r (the obje
t is

warmer than the room) then this equation 
orre
tly predi
ts that dQ∕dt will be negative

(the obje
t will 
ool down).

The equation dQ∕dt = k(Q − Q

R

) 
an also be used for Newton's law, but it gives you

a negative value for k, whi
h we would rather avoid.

Final Answer: dQ∕dt = k(Q
r

− Q)

(b) Let k = 1 s

−1
and Q

R

= 20

◦
C. Draw a slope �eld for Q. Choose a range of values for

Q and t that 
learly shows the possible behaviors of the system.

Solution:

Now suppose the same obje
t is in the same room, but now the room is steadily heating up:

Q

R

= 20 + t with temperature in degrees Celsius and time in se
onds.

(
) Rewrite the differential equation. (Your answer should have t in it, not Q

R

.)

Final Answer: dQ∕dt = t + 20 − Q

(d) Draw the slope �eld for this new situation.

Solution:
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(e) Your slope �eld should show that there is an �attra
tor solution,� a linear Q = at + b

that the temperature approa
hes no matter how it starts out. Using your slope �eld as

a guide and some algebrai
 trial and error, �nd that linear solution and verify that it

works in the differential equation.

Solution: Looking at the slope �eld we �nd that along the line Q = t + 20 the slope is

always zero. Immediately below that line the slope is always 1. So the line Q = t + 19

is the solution we are looking for; if the obje
t is on that line then it will rise with a

slope of 1, whi
h keeps it on that line.

To verify this solution note thatQ = t + 19 leads to dQ∕dt = 1 and also to t + 20 − Q =

1, so both sides of the differential equation give the same result.

Final Answer: Q = t + 19

(f) Des
ribe what the temperature of the obje
t does over time if Q(0) = 20

◦
C.

Solution: At that point the slope is horizontal. Why? The temperature of the obje
t is

not 
hanging be
ause it is the same temperature as the room.

As wemove to the right on the slope �eld, the slope be
omes positive.Why? The obje
t

was not warming up but the room was, so the room is now slightly warmer than the

obje
t. This in turn 
auses the obje
t to start to warm.

Over time the gap between the room temperature and the obje
t temperature will

approa
h 1. That is, the obje
t will 
ontinue to rise in temperature but will lag the

room temperature by 1

◦
C.
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1.88 Walk-Through: Separation of Variables. In this problem, you are going to solve the

equation dx∕dt = te

x

.

(a) Multiply both sides of the equation by e

−x
dt. This �separates the variables�: the left

side has only x-dependen
e, and the right side t.

Final Answer: e

−x
dx = t dt

(b) Write an integral sign on both sides of the equation.

Final Answer: ∫ e

−x
dx = ∫ t dt

(
) Integrate both sides. In
lude a +C in your answer on the right, but not on the left.

Final Answer: −e−x = (1∕2)t2 + C

(d) Solve for x.

Final Answer: x = − ln(C − t

2∕2)

(e) Demonstrate that you have found a valid solution to the differential equation.

Solution:

x = − ln

(
C −

1

2

t

2

)

→

dx

dt

= −
1

C − t

2∕2
× (−t)

=
t

C − t

2∕2

= − ln

(
C −

1

2

t

2

)

→ te

x = te

− ln(C−t2∕2) =
t

e

ln(C−t2∕2)

=
t

C − t

2∕2

They 
ome out the same, so it satis�es the differential equation.

(f) Find the spe
i�
 fun
tion that satis�es the differential equation dx∕dt = te

x

and the

initial 
ondition x(0) = 1.

Final Answer: x = − ln(1∕e − t

2∕2)
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1.89 dy∕dx = 2x

Solution:Multiply both sides by dx to separate variables. Then integrate both sides,

in
luding an arbitrary 
onstant on one side only.

∫ dy = ∫ 2x dx

y = x

2 + C

To demonstrate that it satis�es the differential equation, take the derivative of the solution.

You get dy∕dx = 2x, whi
h is the same as the differential equation.

Final Answer: y = x

2 + C
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1.90 dy∕dx = 2y

Solution:Multiply both sides by (1∕y)dx to separate variables. Integrate both sides

and then solve for y.

∫
1

y

dy = ∫ 2 dx

ln y = 2x + C

y = e

2x+C = e

2x

e

C

Sin
e e

C

is just another arbitrary 
onstant, you 
an 
all it A.

y = Ae

2x

When you take the derivative of this solution, you get dy∕dx = 2Ae

2x = 2y, whi
h is the

same as the original differential equation. Therefore, this solution satis�es the differential

equation.

Final Answer: y = Ae

2x
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1.91 dy∕dx = xy

Solution:Multiply both sides by (1∕y)dx. Integrate both sides and then solve for y.

∫
1

y

dy = ∫ x dx

ln y =
1

2

x

2 + C

y = e

x

2∕2+C = e

x

2∕2
e

C

y = Ae

x

2∕2

Whenyou take the derivative of this solution, youget dy∕dx = Ae

x

2∕2 × x = yx, whi
h is the

same as the original differential equation. So the solution satis�es the differential equation.

Final Answer: y = Ae

x

2∕2
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1.92 dz∕dt = 3z + 6

Solution: You 
an begin by dividing both sides by 3z + 6, but then you have to be


areful when integrating. You're less likely to make mistakes if you leave the 3 on the right

side, as follows.

dz

dt

= 3(z + 2)

∫
1

z + 2

dz = ∫ 3 dt

ln(z + 2) = 3t + C

z + 2 = e

3t+C = e

3t

e

C

Sin
e e

C

is just another arbitrary 
onstant, you 
an 
all it A.

z = Ae

3t − 2

To 
he
k that it satis�es the differential equation, plug this solution into both sides of the

differential equation. Both the LHS and the RHS give you 3Ae

3t

, so this solution satis�es

the differential equation.

Final Answer: z = Ae

3t − 2
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1.93 dz∕dt = 8 − 5z

Solution: You 
an begin by dividing both sides by 8 − 5z, but then you have to be


areful when integrating. You're less likely to make mistakes if you leave the −5 on the

right side, as follows.

dz

dt

= −5
(
z −

8

5

)

∫
1

z − 8∕5
dz = ∫ −5dt

ln

(
z −

8

5

)
= −5t + C

z −
8

5

= e

−5t+C = e

−5t
e

C

Sin
e e

C

is just another arbitrary 
onstant, you 
an 
all it A.

z = Ae

−5t +
8

5

To 
he
k that it satis�es the differential equation, plug this solution into both sides of the

differential equation. Both the LHS and the RHS give you−5Ae−5t, so this solution satis�es

the differential equation.

Final Answer: z = Ae

−5t + 8∕5
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1.94 dx∕dt = (t2 + 1)∕(2t)

Solution:

∫ dx = ∫
t

2 + 1

2t

dt

x = ∫
(
t

2

+
1

2t

)
dt

x = ∫
t

2

dt + ∫
1

2t

dt

x =
1

4

t

2 +
1

2

ln t + C

Plug this solution into both sides of the differential equation. The derivative dx∕dt = (t∕2) +

1∕(2t), and this 
an be simpli�ed to (t2 + 1)∕2t, so this solution satis�es the differential

equation.

Final Answer: x = (1∕4)t2 + (1∕2) ln t + C
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1.95 dx∕dt = (x2 + 1)∕(2x)

Solution:Multiply both sides by 2x∕
(
x

2 + 1

)
dt to separate variables. Then integrate

both sides, in
luding an arbitrary 
onstant on one side only, and then solve for x.

∫
2x

x

2 + 1

dx = ∫ dt

ln

(
x

2 + 1

)
= t + C

x

2 + 1 = e

t+C = e

t

e

C

x = ±
√
e

t

e

C − 1

Sin
e e

C

is just another arbitrary 
onstant, you 
an 
all it A.

x = ±
√
Ae

t − 1

We will 
on�rm the positive solution; the math looks very similar for the negative.

x =
√
Ae

t − 1 →

dx

dt

=
Ae

t

2

√
Ae

t − 1

x =
√
Ae

t − 1 →

x

2 + 1

2x

=
Ae

t

2

√
Ae

t − 1

Both sides 
ome out the same, so the fun
tion solves the differential equation.

Final Answer: x = ±
√
Ae

t − 1



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 101

101

1.96

dA

d�
=

tan �

A

2

√
A

3 + �
Solution:

∫ A

2

√
A

3 + � dA = ∫ tan � d�

You 
an integrate the left side by �rst re-writing the integral as ∫ A

2

(
A

3 + �
)
1∕2

dA and

then use u = A

3 + � to end up with (2∕9)
(
A

3 + �
)(3∕2)

.

You 
an integrate the right side by �rst re-writing the integral as ∫ (sin �)∕(
os �)d�
and then use u = 
os � to arrive at the result − ln(
os �) + C.

Going ba
k to your �rst equation, you 
an now evaluate both integrals to get:

2

9

(
A

3 + �
)
3∕2

= − ln(
os �) + C

Now you 
an solve for A.

A

3 =
(
−
9

2

ln(
os �) + C

)
2∕3

− �

To 
on�rm this answer, take the derivative of both sides with respe
t to �.

3A

2

dA

d�
=

2

3

(
−
9

2

ln(
os �) + C

)−1∕3 (
9

2

tan �
)

A

2

dA

d�
= tan �

(
−
9

2

ln(
os �) + C

)−1∕3

Does that mat
h the original differential equation? It does! Note that for the A

3

we are

verifying,

1√
A

3 + �
=
(
−
9

2

ln(
os �) + C

)−1∕3

Final Answer: A

3 = (−(9∕2) ln(
os �) + C)2∕3 − �
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1.97

dr

d�
=

√
r 
os(2�)

e

√
r

Solution:

∫
e

√
r

√
r

dr = ∫ 
os(2�) d�

2e

√
r =

1

2

sin(2�) + C

r =
[
ln

(
1

4

sin(2�) + C

)]
2

To 
he
k, plug this solution into both sides of the differential equation. You get

dr

d�
=

ln

(
1

4

sin(2�) + C

)
× 
os(2�)

1

4

sin(2�) + C

on the left side and the same thing when you plug in the expression for r on the right side.

Therefore, it satis�es the differential equation.

Final Answer: r =
[
ln

(
1

4

sin(2�) + C

)]
2
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1.98 dy∕dx = x

√
9 − y

2

Solution:

∫
1√

9 − y

2

dy = ∫ x dx

To solve the left hand integral, let y = 3 sin �, where −(�∕2) ≤ � ≤ (�∕2). After making

this substitution and evaluating the integral, you will get sin

−1(y∕3).

sin

−1
(
y

3

)
=

1

2

x

2 + C

y = 3 sin

(
1

2

x

2 + C

)

To 
on�rm this we plug it into both sides of the equation.

dy

dx

= 3 
os

(
1

2

x

2 + C

)
× x

x

√
9 − x

2 = x ×

√
9 − 9 sin

2

(
1

2

x

2 + C

)

Fa
tor out the 9 (it be
omes a 3 outside the square root) and you are left with

√
1 − sin

2

whi
h be
omes 
os and then the two look the same.

Final Answer: y = 3 sin

(
x

2∕2 + C

)
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1.99 ds∕dt = (s3 + 3)∕s2 × ln t

Solution:

∫
s

2

s

3 + 3

ds = ∫ ln t dt

To solve the left hand integral, substitute u = s

3 + 3 and you get (1∕3) ln(s3 + 3).

To solve the right hand integral, let u = ln t and dv = dt and perform integration by

parts. You get t ln t − t + C.

1

3

ln(s3 + 3) = t ln t − t + C

s

3 + 3 =
At

3t

e

3t

s =

(
At

3t

e

3t

− 3

)
1∕3

To verify this solution, plug it into both sides of the differential equation. Note that one

step requires taking the derivative of t

3t

; one way to do this is to write t

3t = e

3t ln t

so its

derivative is t

3t × (3 + 3 ln t).

ds

dt

=
1

3

(
At

3t

e

3t

− 3

)−2∕3 (
Ae

3t

t

3t(3+ 3 ln t) − 3At

3t

e

3t

e

6t

)

= A

(
At

3t

e

3t

− 3

)−2∕3 (
t

3t

ln t

e

3t

)

s

3 + 3

s

2

ln t =
At

3t

e

3t

(
At

3t

e

3t

− 3

)−2∕3

ln t

They are the same, so it works.

Final Answer: s = (At3t∕e3t − 3)1∕3
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1.100 dx∕dt = 
os(!t)(x2 + 25) (! is a 
onstant)

Solution:

∫
1

(x2 + 25)
dx = ∫ 
os(!t) dt

The integral on the left 
an be approa
hed with the substitution x = 5 tan �. We will skip

the next few steps and jump to the solution.

1

5

tan

−1
(
x

5

)
=

1

!
sin(!t) + C

x = 5 tan

(
5

!
sin(!t) + C

)

To verify this solution, plug it into both sides of the differential equation.

dx

dt

= 5 se


2

(
5

!
sin(!t) + C

)

× 5 
os(!t)


os(!t)(x2 + 25) = 
os(!t)
[
25 tan

2

(
5

!
sin(!t) + C

)
+ 25

]

With the identity se


2

y = tan

2

y + 1we 
an qui
kly see that the two fun
tions are the same,

so the solution works.

Final Answer: x = 5 tan

[
(5∕!) sin(!t) + C

]
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1.101 dy∕d� = y

2

sin

3(�)

Solution:

∫
1

y

2

dy = ∫ sin

3 � d�

To evaluate the right hand integral, you 
an use the following method:

∫ sin

3 � d� = ∫ sin

2 � sin � d� = ∫
(
1 − 
os

2 �
)
sin � d�

Then substitute u = 
os � and the rest is easy. Evaluating both integrals, you get:

−
1

y

=
1

3


os

3 � − 
os � + C

y =
3

3 
os � − 
os

3 � + C

To verify this solution, plug it into both sides of the differential equation.

dy

d�
= −

3(−3 sin � + 3 sin � 
os2 �)

(3 
os � − 
os

3 � + C)2

y

2

sin

3 � =
9 sin

3 �

(3 
os � − 
os

3 � + C)2

Fa
tor out the 
ommon 3 sin � in the numerator and then turn 1 − 
os

2 � into sin2 � to see

that the two fun
tions are the same.

Final Answer: y = 3∕(3 
os � − 
os

3 � + C)
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1.102 dy∕dx = 1 − y

2

(a) Create a slope �eld for all integer points 0 ≤ x ≤ 3, −3 ≤ y ≤ 3.

Solution:

(b) Based on your slope �eld, des
ribe the behavior of y(x) if�

i. y(0) > 1

Solution: The fun
tion will de
rease and approa
h y = 1.

ii. y(0) = 1

Solution: The fun
tion will remain at y = 1, so the graph will be a horizontal line.

iii. −1 < y(0) < 1

Solution: The fun
tion will in
rease, with the greatest slope at y = 0, and then

approa
h y = 1.

iv. y(0) = −1

Solution:The fun
tionwill remain at y = −1, so the graphwill be a horizontal line.

v. y(0) < −1

Solution: The fun
tion will de
rease to negative y-values without bound.

(
) Solve the original equation to �nd a fun
tion y(x). (The easiest way to do this by hand

requires the te
hnique of partial fra
tions for your integral. Alternatively you 
ould set

up the integrals by hand and then evaluate them with a 
omputer.)

Solution:

∫
1

1 − y

2

dy = ∫ dx

Rewrite this using partial fra
tions.

1

1− y

2

=
1

(1 + y)(1− y)
=

A

(1 + y)
+

B

(1 − y)
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You 
an solve for A and B to get A = B = (1∕2).

∫
1

2

1

(1+ y)
dy + ∫

1

2

1

(1 − y)
dy = x + C

1

2

ln

1 + y

1 − y

= x + C

1 + y

1 − y

= Ae

2x

1 + y = Ae

2x − Ae

2x

y

Ae

2x

y + y = Ae

2x − 1

y(Ae2x + 1) = Ae

2x − 1

y =
Ae

2x − 1

Ae

2x + 1

Final Answer: y = (Ae2x − 1)∕(Ae2x + 1)

(d) Show that your resulting y(x) fun
tion is a valid solution to the original differential

equation.

Solution:

dy

dx

=
2Ae

2x(Ae2x + 1) − 2Ae

2x(Ae2x − 1)

(Ae2x + 1)2

=
4Ae

2x

(Ae2x + 1)2

1 − y

2 =
(Ae2x + 1)2

(Ae2x + 1)2
−

(Ae2x − 1)2

(Ae2x + 1)2

=
4Ae

2x

(Ae2x + 1)2

(e) Find the parti
ular solutions 
orresponding to the initial 
onditions y(0) = 0, y(0) = 1,

and y(0) =2. This will involve either �nding the right value of the arbitrary 
onstant or

allowing it to approa
h∞.

Solution: For y(0) = 0, plug 0 for both x and y in the equation for−1 < y < 1, and you

will get A = 1. So the parti
ular solution is y =
e

2x − 1

e

2x + 1

.

For y(0) = 1, the parti
ular solution is y = 1. We rea
h this solution from the general

solution by letting A → ∞.

For y(0) = 2, plug 0 for x and 2 for y in the equation for y > 1, and you will get A = 3.

So the parti
ular solution is y =
3e

2x + 1

3e

2x − 1

.

Final Answer: For y(0) = 0, y =
e

2x − 1

e

2x + 1

. For y(0) = 1, y = 1. For y(0) = 2,

y =
3e

2x + 1

3e

2x − 1

.
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(f) Plot the three parti
ular solutions you just found. You should be able to see that

they display the behaviors you des
ribed in Part (b).

Solution:
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1.103 In the Explanation (Se
tion 1.5.2) we solved the equation dR∕dt = 5R − 100 that des
ribes

a population of rabbits that is reprodu
ing and being hunted. We found the solution R =

Ce

5t + 20.

(a) Find the spe
i�
 solutions for R(0) = 10, R(0) = 20, and R(0) = 30.

FinalAnswer:ForR(0) = 10,R = −10e5t + 20. ForR(0) = 20,R = 20. ForR(0) = 30,

R = 10e

5t + 20.

(b) Sket
h the three solutions you found together on one plot.

Solution:

(
) For ea
h of these solutions, explainwhy the behavior you found (in
reasing, de
reasing,

or staying 
onstant) makes sense. Don't answer in terms of equations and variables;

explain it in terms of rabbits and hunters!

Solution: For R(0) = 10, there are too few rabbits present initially to reprodu
e a

signi�
ant amount, so the birth rate is smaller than the death rate due to hunting. This


auses the population to de
rease. As the population de
reases, there are less rabbits

to mate with ea
h other, so the birth rate de
reases while the death rate stays the same.

The population de
reases faster and faster until all the rabbits die out.

For R(0) = 20, there are just enough rabbits present initially to mate with ea
h other so

that the birth rate is equal to the death rate. Therefore, the population stays the same.

For R(0) = 30, there are more than enough rabbits present initially to mate with ea
h

other, so the birth rate is greater than the death rate. This 
auses the population to

in
rease.As the population in
reases, there aremore andmore rabbits to matewith ea
h

other, so the birth rate in
reases while the death rate stays the same. The population

therefore grows exponentially.

(d) Identify the equilibrium solution for this equation. Is it stable or unstable?

Final Answer: R = 20; unstable
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1.104 A

ording to NASA, the Ar
ti
 sea i
e extent is melting at a rate of 10% per de
ade.

Suppose that at just the moment when the i
e extent rea
hes 25 Million square kilometers

of i
e, a 
ra
k team of engineers begins replenishing the i
e at a 
onstant rate of 1 Million

km

2

per de
ade.

Let P equal the size of the Ar
ti
 sea i
e extent, measured in millions of square

kilometers. Let t equal the time, measured in de
ades.

(a) Write a differential equation for P(t).

Final Answer: dP∕dt = −.10P + 1

(b) Find the equilibrium solution to your equation. Does it represent a stable or unstable

equilibrium? How 
an you tell?

Solution: Setting dP∕dt equal to 0 in the differential equation, you get P = 10. So,

whenever the value of P rea
hes 10, it will stay 10 forever. The equilibrium solution is

thenP = 10. You noti
e that for allP > 10, dP∕dt is negative, and for allP < 10, dP∕dt

is positive. This tells you that if you start above the P = 10 line, P will de
rease until it

starts to approa
h P = 10. If you start below the P = 10 line, your P will in
rease until

it starts to approa
h P = 10. Therefore, you have a stable equilibrium.

Final Answer: P = 10; stable

(
) Solve the differential equation, with initial 
ondition, to �nd the fun
tion P(t).

Solution:

∫
1

−.10P + 1

dP = ∫ dt

−10 ln(−.10P + 1) = t + C

P = Ae

−.10t + 10

You startedmeasuring your timewhen the engineers began replenishing the i
e extent, at

whi
h pointP = 25. So you 
an use the initial 
onditionP(0) = 25 to �nd the parti
ular

solution. You will get P = 15e

−.10t + 10.

Final Answer: P = 15e

−.10t + 10.

(d) Verify that your solution solves the differential equation.

Solution: dP∕dt = −1.5e−.10t, and plugging the equation for P into the right hand side

of the differential equation you get the same thing.
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1.105 James has just jumped out of an airplane. After he opens his para
hute he experien
es two

for
es: the 
onstant for
e of gravity, and a wind drag that is proportional to his velo
ity.

His height may therefore follow the equation:

d

2

h

dt

2

= −9.8− 2

dh

dt

(1.5.4)

As a se
ond-order differential equation, this is not te
hni
ally solvable by separation of

variables. However, be
ause the variable h appears only in its derivatives, we 
an turn this

into a �rst-order equation, and solve that by separation.

(a) Letting v = dh∕dt, rewrite Equation 1.5.4 as a �rst-order differential equation in v.

Final Answer: dv∕dt = −9.8− 2v

(b) Your equation in Part a suggests that there is one velo
ity for whi
h dv∕dt = 0. What

is this velo
ity?

Final Answer: v = −4.9

(
) Solve your equation using separation of variables. Your solution should 
ontain an

arbitrary 
onstant: 
all it C

1

.

Final Answer: v(t) = C

1

e

−2t − 4.9

(d) Cal
ulate lim

t→∞
v(t) and use it to des
ribe what is physi
ally happening to James after

he's been in the air for a long time.

Solution: lim

t→∞
v(t) = −4.9

The faster James goes, the more the air pushes ba
k on him. When he rea
hes 4.9 m/s

the for
e of air resistan
e exa
tly 
an
els the for
e of gravity. This is his �terminal

velo
ity�; he will 
ontinue to fall at this rate.

Final Answer: −4.9

(e) Now that you have a velo
ity fun
tion v(t), integrate it with respe
t to t to �nd a position

fun
tion h(t). This will introdu
e a se
ond 
onstant C
2

.

Final Answer: x(t) = −(C
1

∕2)e−2t − 4.9t + C

2

(f) Supposing James begins at a height of 3000mwith no initial velo
ity, what is his height

3 s later?

Solution: Applying the 
ondition v(0) = 0 gives C

1

= 4.9. The remaining 
ondition

gives 3000 = −2.45+ C

2

, so C

2

= 3002.45. Finally, plugging in t = 3 gives x(3) =

−2.45e−6 − 4.9(3) + 3002.45

Final Answer: h(3) = 2988 m
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1.106 A frozen turkey pla
ed in a 35

◦
F refrigerator begins to thaw a

ording to the equation

dQ∕dt = (1∕20)(35− Q) whereQ is the temperature of the turkey. Assume temperature is

measured in degrees Fahrenheit and time is measured in hours.

(a) Draw a slope �eld for 0 ≤ t ≤ 5 and Q = −5, 15, 25, 35, 45, 55.

Solution:

(b) Based on your slope �eld, what is the equilibrium solution to this equation? Is it a stable

or unstable equilibrium?

Final Answer: 35

◦
, stable

(
) Solve the differential equation by separation of variables, assuming the turkey started

(t = 0) in a 0

◦
F freezer.

Solution:

∫
dQ

Q − 35

= −∫
1

20

dt

ln(Q − 35) = −
t

20

+ C

Q = Ce

−t∕20 + 35

0 = C + 35

C = −35

Q = 35

(
1 − e

−t∕20
)

Final Answer: Q(t) = 35(1− e

−t∕20)

(d) Based on your solution, what is lim

t→∞
Q(t)?

Final Answer: lim

t→∞
Q(t) = 35

(e) How long will it take the turkey to rea
h 32

◦
F?

Final Answer: 49 hrs
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1.107 The Expanding Universe

The universe is expanding a

ording to �Hubble's Law�:

da

dt

=

√
8�G

3


2

� a (1.5.5)

where a is the distan
e between two referen
e obje
ts and � is the energy density of the

universe. (Note: it will be easier to work with this equation if you 
olle
t the 
onstants into

one letter: say, � =
√
8�G∕3
2.)

(a) If we 
onsider the universe to be primarily 
omposed of matter, then � = k∕a3. (This

makes sense if you think about it.) Solve the resulting differential equation.

Solution:

da

dt

= �(ka−3)1∕2a

da

dt

=
�
√
k

√
a

∫
√
a da = ∫ �

√
k dt

2

3

a

3∕2 = (�
√
k)t + C

a =
(
3

2

�
√
k t + C

)
2∕3

Final Answer: a = (3�
√
k t∕2 + C)2∕3

(b) If we 
onsider the universe to be primarily 
omposedof radiation, then � = k∕a4. Solve

the resulting differential equation.

Solution:

da

dt

= �(ka−4)1∕2a

da

dt

=
�
√
k

a

∫ a da = ∫ �
√
k dt

1

2

a

2 = (�
√
k)t + C

a =

√
2�

√
k t + C

Final Answer: a =

√
2�

√
k t + C

(
) If we 
onsider the universe to be primarily 
omposed of dark energy (Einstein's �
os-

mologi
al 
onstant�) then � is a 
onstant. Solve the resulting differential equation.

Solution:

da

dt

= �
√
� a

∫
1

a

da = ∫ �
√
� dt

ln(a) = (�
√
�)t + C

a = Ae

�
√
� t

Final Answer: a = Ae

�
√
� t
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(d) Des
ribe in words the differen
e between how a universe expands when it is �lled with

matter or radiation vs. how it expands when it is �lled with dark energy.

Solution: A universe �lled with matter or radiation expands as a power of time, and

slows down over time. A universe �lled with dark energy expands as an exponential of

time and speeds up over time.
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1.108 Walk-Through:Guess andChe
k.Consider the equation

(
d

2

y∕dx2
)
− 10 (dy∕dx) + 9y =

27.

(a) Write the 
omplementary homogeneous equation.

Final Answer: d

2

y∕dx2 − 10(dy∕dx) + 9y = 0

(b) Plug the �guess� y = e

kx

into the equation that you wrote in Part a. The result should

be an algebrai
 equation.

Final Answer:

(
k

2 − 10k + 9

)
e

kx = 0

(
) Solve the resulting algebrai
 equation for k, and use the result to write two different

solutions to the 
omplementary equation.

Final Answer: y

1

= e

x

, y

2

= e

9x

(d) By multiplying your answers to Part (
) by arbitrary 
onstants, and adding the two

resulting solutions together, write the general solution to the 
omplementary equation.

Final Answer: y

C

= Ae

x + Be

9x

(e) Find a simple solution�a 
onstant�to the original inhomogeneous equation.

Final Answer: y

P

= 3

(f) By adding your general solution from Part d to your parti
ular solution from Part (d),

write the general solution to the problem we started with.

Final Answer: y(t) = Ae

x + Be

9x + 3

(g) Demonstrate that your fun
tion from Part (f) solves the differential equation.

Solution:First take the derivatives:dy∕dt = Ae

x + 9Be

9x

and d

2

y∕dt2 = Ae

x + 81Be

9x

,

so

d

2

y

dx

2

− 10

dy

dx

+ 9y = Ae

x + 81Be

9x − 10

(
Ae

x + 9Be

9x

)
+ 9

(
Ae

x + Be

9x + 3

)

= (A − 10A + 9A) ex + (81B − 90B + 9B) e9x + 27

= 27
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1.109 Consider the problem dy∕dx = xy + y. Suspe
ting an exponential solution, you de
ide to

try y = e

kx

.

(a) Plug the trial solution y = e

kx

into the differential equation dy∕dx = xy + y.

Solution: ke

kx = (x + 1)ekx

(b) The resulting equation 
an easily be solved to yield k = x + 1. Have you found a solu-

tion? Test y = e

x(x+1)
in the differential equation dy∕dx = xy + y.

Solution: (2x + 1)ex(x+1)
?
= (x + 1)ex(x+1)

This is not true unless 2x = x. A solution that only works for x = 0 is no solution at all.

(
) It didn't work! Where did we go wrong?

Solution: When we said that we were assuming a solution of the form y = e

kx

we

impli
itly meant �where k is a 
onstant.� We relied on this assumption when we took

the derivative of e

kx

and got ke

kx

whi
h is only 
orre
t if k is a 
onstant. So when we

were unable to �nd a 
onstant value of k that meant that our original guess did not work,

and we have to try something else.

(d) Now solve this equation 
orre
tly using separation of variables.

Solution:

dy

dx

= y(x + 1)

∫
dy

y

= ∫ (x + 1)dx

ln y =
1

2

x

2 + x + C

y = Ce

x

2∕2+x

Final Answer: y(x) = Ce

x

2∕2+x
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1.110 t

2

(
d

2

r∕dt2
)
− 9t (dr∕dt) + 16r = 4 is an example of a �Cau
hy�Euler equation.� Su
h

equations appear in a number of physi
s and engineering appli
ations.

(a) Write the 
omplementary homogeneous equation.

Solution: t

2(d2

r∕dt2) − 9t(dr∕dt) + 16r = 0

(b) Plug r = e

kt

into the equation youwrote in Part a. Show that this solution will not work

for any 
onstant k: this equation has no exponential solution.

Solution: The left side of the 
omplementary equation be
omes(
k

2

t

2 − 9kt + 16

)
e

kt

We 
an solve this for k using the quadrati
 formula, but the resulting k will be a fun
tion

of t, 
ontradi
ting our assumption that k is a 
onstant. To put it another way, there is no


onstant k for whi
h this fun
tion is uniformly zero. Therefore r = e

kt

is not a solution

for any 
onstant k.

(
) Plug the guess r = t

n

(where n is a 
onstant) into the equation youwrote in Part a. Solve

the resulting algebrai
 equation for n: you should �nd two solutions.

Solution:

[n(n − 1) − 9n + 16] tn = 0

(n2 − 10n + 16)tn = 0

(n − 2)(n− 8)tn = 0

So n = 2 or n = 8.

(d) Write the general solution to the equation you wrote in Part a.

Solution: r

C

= At

2 + Bt

8

(e) Find a spe
i�
 solution to the original (inhomogeneous) equation.

Solution: r

P

= 1∕4

(f) Write the general solution to the inhomogeneous equation.

Final Answer: r(t) = At

2 + Bt

8 + 1∕4

(g) What is it about this parti
ular equation that made r = t

n

work?

Solution: Ea
h time you take the derivative of t

n

the power of t goes down by one. But

ea
h su

essive derivative in the original equation was multiplied by one higher power

of t. So when we plugged in t

n

all the terms ended up at the same power of t.
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1.111 d

2

y∕dx2 − 7 (dy∕dx) + 12y = 0

Solution: Plugging y = e

kx

into this equation yields:

(k2 − 7k + 12)ekx = 0

(k − 3)(k − 4)ekx = 0

So k = 3or k = 4. Be
ause this is a homogeneous equationwe
anmultiply the two resulting

solutions by arbitrary 
onstants and 
ombine them.

y = Ae

3x + Be

4x

Final Answer: y = Ae

3x + Be

4x
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1.112 d

2

s∕dt2 + 3 (ds∕dt) + 7s = 0

Solution: Plugging s = e

kt

into this equation yields:

(k2 + 3k + 7)ekt = 0

Be
ause we 
an't fa
tor this, we use the quadrati
 equation.

k =
−3 ±

√
9 − 28

2

The negative dis
riminant tells us there will be no real exponential solutions.

Final Answer: No real exponential solutions.
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1.113 d

2

s∕dt2 + 5 (ds∕dt) − 4s = 0

Solution: Plugging s = e

kt

into this equation yields:

(k2 + 5k − 4)ekt = 0

Be
ause we 
an't fa
tor this, we use the quadrati
 equation.

k =
−5 ±

√
25+ 16

2

Be
ause this is a homogeneous equation, we 
an multiply the resulting solutions by 
on-

stants and 
ombine them.

s = Ae

−(5+
√

41)t∕2 + Bte

−(5−
√

41)t∕2

Final Answer: s = Ae

−(5+
√

41)t∕2 + Bte

−(5−
√

41)t∕2
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1.114 d

2�∕dz2 + 10 (d�∕dz) + 25� = 0

Solution: Plugging � = e

kz

into this equation yields:

(k2 + 10k + 25)ekz = 0

(k + 5)2ekz = 0

So k = −5 leads to the solution � = e

−5z
. We 
an multiply this solution by one arbitrary


onstant, but it is still not the general solutionbe
ausewedonot have twoarbitrary 
onstants.

Final Answer: � = Ae

−5z
is a solution but not the general solution
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1.115 d

2

y∕dx2 + (k2 + p

2)y = 0

Solution: This is a simple harmoni
 os
illator equation.

d

2

y

dx

2

= −
(
k

2 + p

2

)
y

The role of !2

is played by k

2 + p

2

, so the solution is:

y(x) = A sin

(√
k

2 + p

2

x

)
+ B 
os

(√
k

2 + p

2

x

)

To 
he
k this take the se
ond derivative.

y

′(x) = A

√
k

2 + p

2


os

(√
k

2 + p

2

x

)

− B

√
k

2 + p

2

sin

(√
k

2 + p

2

x

)

y

′′(x) = −A(k2 + p

2) sin
(√

k

2 + p

2

x

)

− B(k2 + p

2) 
os
(√

k

2 + p

2

x

)

= −(k2 + p

2)y(x)

You 
ould also write this solution as C 
os

(√
k

2 + p

2

x + �
)
.

Final Answer: y(x) = A sin

(√
k

2 + p

2

x

)
+ B 
os

(√
k

2 + p

2

x

)
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1.116 t

2(d2

s∕dt2) + 10t(ds∕dt) + 20s = 0

Solution:An exponentialwould end upwith different kinds of fun
tions in ea
h term

(e.g. t

2

e

kt

in the �rst term and e

kt

in the third). So would a trig fun
tion. Be
ause the powers

of t are de
reasing with every term, try a guess of the form s = t

p

.

p(p− 1)tp + 10pt

p + 20t

p = 0

p

2 + 9p+ 20 = 0

The solutions are p = −4 and p = −5.

s(t) = At

−4 + Bt

−5

Final Answer: s(t) = At

−4 + Bt

−5
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1.117 d

4

y∕dx4 − y = 0

Solution: It may be best to rewrite this as follows.

d

4

y

dx

4

= y

What fun
tion is its own fourth derivative? Both exponential and trig fun
tions work here;

after four derivatives they end up where they started, with all negatives eliminated. This

gives us the requisite four arbitrary 
onstants.

y(x) = A sin x + B 
os x + Ce

x + De

−x

Final Answer: y(x) = A sin x + B 
os x + Ce

x + De

−x



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 126

126 Chapter 1 Introdu
tion to Ordinary Differential Equations Solutions

1.118 d

2

y∕dx2 + !2

y = e

kx

Hint: To �nd a parti
ular solution, guess y

p

= ae

kx

and solve for the


onstant a.

Solution: Begin with the 
omplementary homogeneous equation:

d

2

y∕dx2 + !2

y = 0

This is the simple harmoni
 os
illator equation.

y

C

= A sin(!x) + B 
os(!x)

Now we need a parti
ular solution to the original equation. The exponential fun
tion on

the right suggests an exponential guess y

P

= ae

kx

.

ak

2

e

kx + a!2

e

kx = e

kx

This works if a = 1∕
(
k

2 + !2

)
.

y(x) = A sin(!x) + B 
os(!x) +
e

kx

k

2 + !2

Final Answer: y(x) = A sin(!x) + B 
os(!x) + e

kx∕(k2 + !2)
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1.119 x

2(d2

u∕dx2) + 4x(du∕dx) − 4u = 4

Solution:The 
omplementary equation is x

2(d2

u∕dx2) + 4x(du∕dx) − 4u = 0.Guess

u

C

= x

p

.

p(p− 1)xp + 4px

p − 4x

p = 0

(p2 + 3p− 4)xp = 0

(p+ 4)(p− 1)xp = 0

So p = −4 or p = 1 and the 
omplementary solution is u

C

= Ax

−4 + Bx. The simplest

parti
ular solution is u = −1.

u(x) =
A

x

4

+ Bx − 1

Final Answer: u(x) = Ax

−4 + Bx − 1
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1.120 The equation d

2

x∕dt2 + 4(dx∕dt) + 3x = sin t 
an represent a harmoni
 os
illator that is

damped (by fri
tion or air resistan
e) but also driven by an os
illatory for
e.

(a) Write the 
omplementary homogeneous equation. Find the general solution by assum-

ing an exponential form.

Solution: d

2

x∕dt2 + 4(dx∕dt) + 3x = 0

Plugging x = e

kt

into the homogeneous differential equation and solving for k yields

k = −1, −3. Therefore, your two solutions are x

1

= e

−t
and x

2

= e

−3t
. Multiplying

these two solutions by arbitrary 
onstants and adding them together yields the general

solution: x = Ae

−t + Be

−3t
.

(b) To �nd a spe
i�
 solution to the original (inhomogeneous) equation, begin by guessing

a solution of the form x = A sin t + B 
os t. The numbers A and B do not represent

arbitrary 
onstants here; we are looking for one value that will work. Plug your guess

into the differential equation.

Solution: (−A sin t − B 
os t) + 4 (A 
os t − B sin t) + 3 (A sin t + B 
os t) = sin t

(
) Rearrange the resulting algebrai
 equation into the form:

(bun
h of 
onstants) sin t + (different bun
h of 
onstants) 
os t = sin t

Solution: (−A − 4B + 3A) sin t + (−B + 4A + 3B) 
os t = sin t

(d) To solve this equation, set the �rst �bun
h of 
onstants� to 1 and the se
ond to 0. You


an now solve for A and B.

Solution: A = 1∕10 and B = −1∕5

(e) Write the general solution to this differential equation.

Final Answer: x(t) = Ae

−3t + Be

−t + (1∕10) (sin t − 2 
os t)
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1.121 Consider the differential equation d

2

y∕dx2 − 6 (dy∕dx) + 9y = 3.

(a) Find all exponential solutions to the 
omplementary homogeneous equation.

Solution: Plugging y = e

kx

into the 
omplementary equation y

′′ − 6y

′ + 9 = 0 yields:

(k2 − 6k + 9)ekx = 0

Solving, (k − 3)2 = 0 so k = 3. The solution is therefore e

3x

. As with any solution to a

homogeneous equation we 
an multiply this by an arbitrary 
onstant.

y = Ae

3x

(b) Find a spe
i�
 solution to the original equation.

Solution: y

P

= 1∕3

(
) Write a solution to the original differential equation that has an arbitrary 
onstant in it.

Solution: y = Ae

3x + 1∕3

(d) Show that the fun
tion y = xe

3x

is a solution to the 
omplementary homogeneous

equation.

Solution: Plugging y = xe

3x

into the 
omplementary homogeneous equation, you get:

(6e3x + 9xe

3x) − 6(e3x + 3xe

3x) + 9(xe3x) = 0

Combining like terms, you get:

0e

3x + 0xe

3x = 0

So the fun
tion satis�es the homogeneous differential equation.

(e) Write the general solution (
omplete with two independent arbitrary 
onstants) to the

original differential equation.

Final Answer: y = Ae

3x + Bxe

3x + 1∕3
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1.122 The equation x

′′(t) − 7x

′(t) + 10x = 50 + e

3t

has two inhomogeneous terms. You 
an solve

it by approa
hing them separately.

(a) Find the general solution x




(t) to the 
omplementary homogeneous equation.

Solution: The 
onstant 
oef�
ients suggest an exponential guess x = e

kt

.

(k2 − 7k + 10)ekt = 0

(k − 2)(k − 5)ekt = 0

So k = 2 or k = 5, leading to x = Ae

2t + Be

5t

.

(b) Find a parti
ular solution x

p1

(t) to the equation x′′(t) − 7x

′(t) + 10x = 50. You 
an do

this qui
kly, by just looking.

Solution: x

p1

(t) = 5

(
) Find a parti
ular solution x

p2

(t) to the equation x′′(t) − 7x

′(t) + 10x = e

3t

. To do this,

plug in a solution of the form x = Me

3t

and �nd the value ofM that works.

Solution: x = Me

3t

→ x

′ = 3Me

3t

→ x

′′ = 9Me

3t

Plugging all that in gives us the equation: 9Me

3t − 21Me

3t + 10Me

3t = e

3t

So −2M = 1 orM = −1∕2. We therefore �nd x

p2

(t) = −(1∕2)e3t.

(d) Write the fun
tion x




(t) + x

p1

(t) + x

p2

(t) and show that it solves the original differential

equation.

Final Answer: x(t) = Ae

2t + Be

5t − (1∕2)e3t + 5
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1.123 In the Explanation for slope �elds (Se
tion 1.4), we found that one spe
i�
 solution to the

equation dy∕dx = y − 2x is y = 2x + 2. We dis
ussed the behavior of other solutions, but

did not �nd them analyti
ally.

(a) Begin by rewriting the differential equation in a more standard form, as a

1

(x)(dy∕dx) +

a

0

(x)y = f (x).

Solution: dy∕dx − y = −2x

(b) Write and solve the 
omplementary homogeneous equation.

Solution: The equation is dy∕dx − y = 0. We 
an solve this by inspe
tion: dy∕dx = y

means that y is any fun
tion that is its own derivative, so y




= Ce

x

.

(
) Find a parti
ular solution to the original equation by guessing a solution of the form

y

p

= Ax + B.

Solution: Plugging this into the original equation yields:

A − (Ax + B) = −2x

−Ax + (A − B) = −2x

We rearranged this equation to put both sides in the form of a standard linear equation

y = mx + b. For both sides to be the same line their slopes (i.e., the 
oef�
ients of x)

must be the same, and their y-inter
epts (the 
onstant parts) must also be the same.

−A = −2

A − B = 0

Solving, A = 2 and B = 2, so the solution is y

p

= 2x + 2. This veri�es what we had

found earlier.

(d) Find the general solution to the original equation.

Final Answer: y = Ae

x + 2x + 2

(e) Test your general solution.

Solution: Plugging the general solution into the original differential equation, you get

(Aex + 2) − (Aex + 2x + 2) = −2x. Combining like terms you get −2x = −2x, so the

general solution satis�es the original differential equation.

(f) In the slope �eld explanation we 
on
luded that if a fun
tion lies perfe
tly on the line

y = 2x + 2 then it will stay there forever, but if it does not lie on that line it will move

farther and farther away from that line. Explain how your general solution 
orre
tly

predi
ts both of these behaviors.

Solution: If a fun
tion lies perfe
tly on the line y = 2x + 2 then the 
onstant A = 0 in

the general solution, so the solution is just y = 2x + 2.

If a fun
tion does NOT lie perfe
tly on that line, then the 
onstant A will not be 0, and

therefore the exponential term Ae

x

will 
ontribute to the solution. Sin
e the exponential

term blows up as your x-values in
rease, then your solutions will get farther and farther

away from the line y = 2x + 2. IfA > 0 your fun
tionwill rise farther and farther above

the line; for A < 0 your fun
tion will fall more and more below the line.
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1.124 Consider the equation y

2 + (dy∕dx)2 = 1. Important: don't 
onfuse (dy∕dx)2 with d2

y∕dx2,

whi
h is something 
ompletely different!

(a) Find the two 
onstant solutions to this equation.

Final Answer: 1, −1

(b) By experimenting with basi
 fun
tions, �nd another solution.

Final Answer: sin x or 
os x

(
) With a little more trial and error, rewrite your answer to Part b with an arbitrary 
onstant

in it. Make sure it still solves the differential equation.

Final Answer: sin(x + C) or 
os(x + C)

(d) Is the solution you found in Part 
 the general solution? Why or why not?

Solution: We normally expe
t that if we have a solution with one arbitrary 
onstant

to a �rst-order differential equation, we have the general solution. But that is not a

hard-and-fast rule for linear differential equations, and non-linear equations (su
h as

this one) are even less reliable.

In this 
ase you know it is not the general solution be
ause there is nothing you 
an

plug in for the 
onstant C that will turn this solution into the 
onstant solutions from

the beginning of the problem.

Final Answer: No
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1.125 Consider the equation (dy∕dx)2 = y. Important: don't 
onfuse (dy∕dx)2 with d

2

y∕dx2,

whi
h is something 
ompletely different!

(a) Plug in a solution of the form y = kx

p

where k and p are 
onstants.

Solution:

y = kx

p

dy

dx

= kpx

p−1

(
dy

dx

)
2

= k

2

p

2

x

2p−2

k

2

p

2

x

2p−2 = kx

p

(b) You should now have an equation of the form a

1

x

b

1 = a

2

x

b

2

. The only way these 
an

be the same fun
tion is if a

1

= a

2

and b

1

= b

2

. Use these two fa
ts to solve for k and p

and write a solution to the differential equation. (You may �nd the solution y = 0; that

fun
tion does work, but don't use it.)

Solution:

2p − 2 = p

k

2

p

2 = k

The �rst equation solves to p = 2 and the se
ond to k = 1∕4, so the solution is y =

(1∕4)x2.

Final Answer: y = (1∕4)x2

(
) Show that your solution works. Then multiply your solution by an arbitrary 
onstant

and show that it doesn't work. Explain why this doesn't violate the prin
iple of linear

superposition.

Solution:

y =
1

4

x

2

→

dy

dx

=
1

2

x →

(
dy

dx

)
2

=
1

4

x

2

We end up ba
k at y, so that works.

y =
A

4

x

2

→

dy

dx

=
A

2

x →

(
dy

dx

)
2

=
A

2

4

x

2

We do not end up ba
k at y, so it doesn'twork. The differential equation does not follow

the prin
iple of linear superposition be
ause it is not linear.
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1.126 The pi
ture shows a standard diagram for a 
ir
uit with four elements: a battery that main-

tains a 
onstant voltage V , a resistor with resistan
e R, a 
apa
itor with 
apa
itan
e C, and

an indu
tor with indu
tan
e L.

V C

R

L

A 
hargeQ will build up on the 
apa
itor a

ording to the equationV = R(dQ∕dt) +

Q∕C + L(d2

Q∕dt2).

(a) Find the fun
tionQ(t) for a 
ir
uit with V = 9, R = 3, C = 1∕5, and L = 1∕4.

Solution: The equation we are solving is:

1

4

d

2

Q

dt

2

+ 3

dQ

dt

+ 5Q = 9

d

2

Q

dt

2

+ 12

dQ

dt

+ 20Q = 36

For the 
omplementary homogeneous equation, the guess Q = e

kt

leads to k

2 + 12k +

20 = 0 so k = −2 or−10. For a parti
ular solution, the 
onstantQ = 9∕5 suggests itself.

Q(t) = Ae

−2t + Be

−10t +
9

5

Final Answer: Q(t) = Ae

−2t + Be

−10t + 9∕5

(b) Your solution should 
onsist of a �transient� part that dies out qui
kly and a �steady-

state� part that represents the long-term behavior of the 
ir
uit. Dis
uss the steady-state

solution: what is the 
ir
uit doing? How 
ould you have predi
ted this behavior�

quantitatively, not just qualitatively�without solving the differential equation?

Solution:The steady-state solution isQ = 9∕5.We 
ould predi
t this from the differen-

tial equation be
ause when Q is a 
onstant,Q

′
and Q

′′
are both zero, so the differential

equationbe
omes9 = (9∕5)∕(1∕5). Physi
ally, this solution represents a 
harge buildup

on the 
apa
itor that 
ompletely blo
ks the 
urrent. With no 
urrent �owing, there is

no voltage drop a
ross the resistor or indu
tor, so the entire voltage drop o

urs a
ross

the 
apa
itor. That voltage drop is Q∕C = (9∕5)∕(1∕5) whi
h is 9, the voltage of the

battery.



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 135

135

1.127 Newton's law of gravity says that an obje
t in spa
e falling dire
tly towards Earth will

experien
e an a

eleration r

′′(t) = −GM
E

∕r2, whereG andM

E

are 
onstants representing

the strength of gravity and the mass of the Earth, and r is the obje
t's distan
e from the


enter of the Earth. (We assume here that the obje
t'smass ismu
h smaller than the Earth's.)

(a) Try a power law solution of the form r(t) = a(t − b)p and plug it in. As always, the

result should be an algebrai
 equation.

Final Answer: ap(p− 1)(t − b)p−2 = −GM
E

(t − b)−2p∕a2

(b) The equation you found in Part a should have been in the form something(t −

b)something = something(t − b)something. The only way the two sides of that equation


an represent the same fun
tion is if they both have the same exponent and the same


oef�
ient in front, so you 
an rewrite this as two algebrai
 equations and �nd the

values of two of the 
onstants in your original guess. Write down the solution r(t) that

you �nd and verify that it does solve the original differential equation.

Solution:

p − 2 = −2p

ap(p− 1) = −GM
E

∕a2

The �rst equation be
omes p = 2∕3 and the se
ond then be
omes a = 3

√
9GM

E

∕2.

r(t) =
3

√
9GM

E

2

(t − b)2∕3

r

′(t) =
2

3

3

√
9GM

E

2

(t − b)−1∕3

r

′′(t) = −
2

9

3

√
9GM

E

2

(t − b)−4∕3

−
GM

E

r

2

= −GM
E

(
2

9GM

E

)
2∕3

(t − b)−4∕3

The two are the same, so the solution works.

Final Answer: r(t) = (9GM
E

∕2)1∕3(t − b)2∕3

(
) Does your solution have any arbitrary 
onstants in it? Is it the general solution?

Final Answer: Yes, and no
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1.128 In the Explanation (Se
tion 1.6.2)we showed that a damped harmoni
 os
illator is modeled

by the equation ma = −
v − kx. We then solved this equation for parti
ular values of the


onstants�values that were 
hosen to work out ni
ely. In this problem you will take up the


hallenge more generally.

(a) Explain why the nature of a spring di
tates that k must be positive, and the nature of a

damping for
e di
tates that 
 must be positive.

Solution: The for
e of the spring a
ts opposite the dire
tion of displa
ement from the

equilibrium.So the spring for
e,−kx, and the displa
ement, x, must be opposite in sign.

A similar argument holds true for the damping for
e, whi
h a
ts opposite the dire
tion

of velo
ity v.

(b) Plug the guess x = e

pt

into the differential equation m(d2

x∕dt2) + 
(dx∕dt) + kx = 0.

Final Answer: (mp2 + 
p + k)ept = 0

(
) Solve the resulting equation for p.

Final Answer: p = −
∕(2m) ±
√



2 − 4mk∕(2m)

(d) If the resulting equation has only one solution for p, the system is said to be �
riti
ally

damped.� What relationship between the 
onstants 
, k, and m leads to a 
riti
ally

damped os
illator? Express this relationship by writing a formula for 
 as a fun
tion of

k and m.

Solution: For there to be only one solution, the square root termmust be 0. This implies

that 


2 − 4mk = 0. Solving for 
, you get 
 =
√
4mk.

Final Answer: 
 =
√
4mk

(e) If 
 is greater than the formulayou found inPart d, the system is said to be �overdamped.�

Howmany real p-values do you �nd in this 
ase, and are they positive or negative?What

sort of behavior results from an overdamped system?

Solution: If 
 >
√
4mk, then 


2 − 4mk > 0. Sin
e the expression under the square root

is positive and greater than 0, you will have two real solutions. Subtra
ting the square

root term gives you a negative p value. Adding the square root term also gives you

a negative p value, be
ause you know that 


2 − 4mk < 


2

, so

√



2 − 4mk <
√



2 = 
.

Thus,−
 +
√



2 − 4mk < 0. Sobothp-valueswill be real andnegative, andyour general

solution will be the sum of two de
aying exponentials. This means that your spring will

asymptoti
ally approa
h equilibrium without os
illating.

(f) If 
 is less than the formula you found in Part d, how many real p-values do you �nd?

What does that suggest about our guess? About the behavior of the system?

Solution: If 
 <
√
4mk, then 


2 − 4mk < 0. The expression under the square root sign

is negative, whi
h doesn't give you any real values for p. This suggests that solutions of

the form e

pt

do not work for any real values of 
. The spring will not just de
ay down

to zero; it will os
illate.

You 
an solve in su
h 
ases by assuming a solution that os
illates with a de
aying

amplitude (as youwould expe
t from thephysi
s of the situation). If you are 
omfortable

with 
omplex numbers you 
an solve more easily with 
omplex exponential solutions.
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1.129 Use Equation 1.6.4 to determine if ea
h of the differential equations below is linear, and if

so whether it is homogeneous. Then test the proposed solutions y

1

and y

2

, and also their

sum y

1

+ y

2

.

(a) y

′′ − y = 0, y

1

= e

x

, y

2

= e

−x
.

Solution: Ea
h term is just y or one of its derivatives times a 
onstant (1 or−1), so this

is a linear homogeneous equation.

y

′′
1

− y

1

= e

x − e

x = 0

y

′′
2

− y

2

= e

−x − e

−x = 0

(y
1

+ y

2

)′′ − (y
1

+ y

2

) = (ex + e

−x) − (ex + e

−x) = 0

The two proposed solutions work, and so does their sum.

Final Answer: The equation is linear and homogeneous and all three solutions work.

(b) y

′′ − y = 2 sin x, y

1

= e

x

, y

2

= − sin x.

Solution: Ea
h term that has y in it is just y or one of its derivatives times a 
onstant (1

or −1), so this is a linear equation. Sin
e it has a term without y it is inhomogeneous.

y

′′
1

− y

1

= e

x − e

x = 0

y

′′
2

− y

2

= sin x + sin x = 2 sin x

(y
1

+ y

2

)′′ − (y
1

+ y

2

) = (ex + sin x) − (ex − sin x) = 2 sin x

The �rst solution doesn't work be
ause it gives zero, but y

2

and the sum y

1

+ y

2

both

work.

Final Answer: The equation is linear and inhomogeneous; y

2

and y

1

+ y

2

work, but y

1

does not.
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(
) y

′′ − yy

′ = 0, y

1

= −2∕x, y
2

= 2.

Solution: This is not a linear homogeneous equation be
ause of the term yy

′
.

y

′′
1

− y

1

y

′
1

= −
4

x

3

−
(
−
2

x

)(
2

x

2

)
= 0

y

′′
2

− y

2

y

′
2

= 0 − (2)(0) = 0

(y
1

+ y

2

)′′ − (y
1

+ y

2

)(y
1

+ y

2

)′ = −
4

x

3

−
(
−
2

x

+ 2

)(
2

x

2

)
= −

4

x

2

The proposed solutions y

1

and y

2

work, but this time their sum does not be
ause of the


ross-term that 
omes from multiplying y by y

′
.

These examples 
on�rmed the rule that linear homogeneousdifferential equations obey

the prin
iple of linear superposition, while other equations do not.

Final Answer: The equation is non-linear. The solutions y

1

and y

2

work but their sum

does not.
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1.130 In this problem you will prove the prin
iple of linear superposition. Be
ause we want a

general proof, we begin with the general form for every linear homogeneous differential

equation:

a

n

(x)
d

n

y

dx

n

+…+ a

3

(x)
d

3

y

dx

3

+ a

2

(x)
d

2

y

dx

2

+ a

1

(x)
dy

dx

+ a

0

(x)y = 0 (1.6.11)

(a) Suppose y = u

1

(x) is a solution to Equation 1.6.11. Show that the fun
tion y = Au

1

(x)

alsoworks as a solution. (Remember that ifA is a 
onstant, (d∕dx)Au
1

(x) = A(du
1

∕dx).)

Solution: Taking all the derivatives of y = Au

1

(x), you see that the 
onstant A passes

through the derivatives to the outside:

(d∕dx)Au
1

(x) = A(du
1

∕dx)

(d2∕dx2)Au
1

(x) = A(d2

u

1

∕dx2)

(dn∕dxn)Au
1

(x) = A(dnu
1

∕dxn)

Therefore, when you plug in y = Au

1

(x) into the differential equation, A will appear as

a 
onstant in front of every term and you 
an fa
tor it out to get:

A

(
a

n

(x)
d

n

u

1

dx

n

+…+ a

3

(x)
d

3

u

1

dx

3

+ a

2

(x)
d

2

u

1

dx

2

+ a

1

(x)
du

1

dx

+ a

0

(x)u
1

)
= 0

Sin
e you already know that y = u

1

(x) satis�es the homogeneous differential equation,

everything inside the parenthesis is 0. Therefore, you get A(0) = 0. So y = Au

1

(x)

satis�es the homogeneous equation and is therefore a solution.

(b) Suppose u

1

(x) and u
2

(x) are both solutions to Equation 1.6.11. Show that the fun
tion

u

1

(x) + u

2

(x) also works as a solution.

Solution:When you apply any derivative to the sum u

1

(x) + u

2

(x), you 
an apply that

derivative to ea
h term individually and then sum up the resulting derivatives. (Additive

property of derivatives)

(d∕dx)(u
1

(x) + u

2

(x)) = (du
1

∕dx) + (du
2

∕dx)

(d2∕dx2)(u
1

(x) + u

2

(x)) = (d2

u

1

∕dx2) + (d2

u

2

∕dx2)

(dn∕dxn)(u
1

(x) + u

2

(x)) = (dnu
1

∕dxn) + (dnu
2

∕dxn)

Plugging in y = u

1

(x) + u

2

(x) into the homogeneous differential equation and then

grouping all the terms with u

1

together and all the terms with u

2

together, you get:

(
a

n

(x)
d

n

u

1

dx

n

+…+ a

1

(x)
du

1

dx

+ a

0

(x)u
1

)
+

(
a

n

(x)
d

n

u

2

dx

n

+…+ a

1

(x)
du

2

dx

+ a

0

(x)u
2

)
= 0

Sin
e y = u

1

and y = u

2

are solutions by themselves, they both satisfy the homogeneous

differential equation individually. Therefore, the quantities in both parentheses are 0,

andyouget 0+0=0. So y = u

1

(x) + u

2

(x) satis�es the homogeneous differential equation

and is therefore a solution.
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(
) Now 
onsider a linear inhomogeneous differential equation:

a

n

(x)
d

n

y

dx

n

+…+ a

3

(x)
d

3

y

dx

3

+ a

2

(x)
d

2

y

dx

2

+ a

1

(x)
dy

dx

+ a

0

(x)y = f (x) (f (x) ≠ 0) (1.6.12)

Suppose u

h

(x) is a solution to Equation 1.6.11 and u
i

(x) is a solution to Equation 1.6.12.

Show that the fun
tion u

h

(x) + u

i

(x) solves Equation 1.6.12 but not 1.6.11.

Solution:By the same prin
iple as in part (b), (dn∕dxn)(u
h

(x) + u

i

(x)) = (dnu
h

∕dxn) +

(dnu
i

∕dxn) for any n-value of the derivative. Plugging y = u

h

(x) + u

i

(x) into the inho-

mogeneous differential equation and grouping all the terms with u

h

together and all the

terms with u

i

together, you get:

(
a

n

(x)
d

n

u

h

dx

n

+…+ a

1

(x)
du

h

dx

+ a

0

(x)u
h

)
+

(
a

n

(x)
d

n

u

i

dx

n

+…+ a

1

(x)
du

i

dx

+ a

0

(x)u
i

)
= f (x)

Sin
e y = u

h

(x) satis�es the homogeneous equation, the quantity in the left parenthesis

is 0. Sin
e y = u

i

(x) satis�es the inhomogeneous equation, the quantity in the right

parenthesis is f (x). Therefore, your equation redu
es to 0 + f (x) on the left side. This

proves that plugging in the fun
tion u

h

(x) + u

i

(x) gives the result f (x), not zero, so it

satis�es the inhomogeneous equation but not the homogeneous.
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1.131 To see why the prin
iple of linear superposition only applies to linear equations, 
onsider

a non-linear equation of the form

a

2

(x)
d

2

y

dx

2

+ a

1

(x)
dy

dx

+ a

0

(x)y2 = 0 (1.6.13)

(a) Suppose u

1

(x) and u
2

(x) are both solutions to Equation 1.6.13. Show that the fun
tion

u

1

(x) + u

2

(x) does not work as a solution.

Solution: Plugging in u

1

(x) + u

2

(x) into this non-linear differential equation and using

the additive property of derivatives to write ea
h derivative of the sum as the sum of

the derivatives on ea
h fun
tion, you will end up with the following equation:

a

2

(x)

(
d

2

u

1

dx

2

+
d

2

u

2

dx

2

)
+ a

1

(x)

(
du

1

dx

+
du

2

dx

)
+ a

0

(x)
(
u

2

1

+ 2u

1

u

2

+ u

2

2

)
= 0

Following the same method as you did in Problem 21(b), you group all the terms with

u

1

together and all the terms with u

2

together:

(
a

2

(x)
d

2

u

1

dx

2

+ a

1

(x)
du

1

dx

+ a

0

(x)u
1

)
+

(
a

2

(x)
d

2

u

2

dx

2

+ a

1

(x)
du

2

dx

+ a

0

(x)u
2

)
+ 2u

1

u

2

= 0

You noti
e that there is one term, 2u

1

u

2

, whi
h 
annot be grouped be
ause it 
ontains

both variables. However, the quantities in the left and the right hand parenthesis 
an

be redu
ed to 0, sin
e both u

1

and u

2

are solutions and satisfy the differential equation

individually. Therefore this solution does not work unless u

1

or u

2

happens to be zero.

(b) Repeat Part (a) assuming that dy∕dx is squared but y is not. On
e again assume that

u

1

(x) and u
2

(x) are solutions to this new equation and show that u

1

(x) + u

2

(x) is not.

Solution: Plugging in u

1

(x) + u

2

(x) into the differential equation and following the

same pro
ess as in part (a), you will end up with:

a

2

(x)

(
d

2

u

1

dx

2

+
d

2

u

2

dx

2

)
+ a

1

(x)

((
du

1

dx

)
2

+ 2

(
du

1

dx

)(
du

2

dx

)
+

(
du

2

dx

)
2

)

+ a

0

(x)
(
u

1

+ u

2

)
= 0

Grouping all the terms with u

1

together and all the terms with u

2

together, you will

have:

(
a

2

(x)
d

2

u

1

dx

2

+ a

1

(x)

(
du

1

dx

)
2

+ a

0

(x)u
1

)

+

(
a

2

(x)
d

2

u

2

dx

2

+ a

1

(x)

(
du

2

dx

)
2

+ a

0

(x)u
2

)

+ 2a

1

(
du

1

dx

)(
du

2

dx

)
= 0

The quantities in the �rst and se
ond parentheses 
an be redu
ed to 0, sin
e both u

1

and

u

2

are solutions and satisfy the differential equation individually. Therefore, on the left

hand side you will have the mixed derivative term remaining and on the right hand side

you will have 0. If u

1

and u

2

are both independent solutions to the differential equation,

then this mixed termwill, in general, not be equal to 0. Therefore, the sum u

1

(x) + u

2

(x)

does not satisfy the differential equation.
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1.132 Consider the linear differential equation x

′(t) = x(t).

(a) Show that x(t) = |C|et is a solution for any value of the 
onstant C.
Solution: The derivative of |C|et is |C|et so there you are.

(b) Sin
e this is a �rst-order linear differential equation and we have a solution with an

arbitrary 
onstant you would normally expe
t it to be the general solution. Prove that

it isn't by �nding a solution that doesn't mat
h this for any value of C.

Solution: x(t) = −et

The moral of the story is that it isn't always easy to tell if you have the �general

solution� or not. But the truth is, we really had to 
ontrive that example. In pra
ti
e if you

have n arbitrary 
onstants for an nth order linear differential equation, you almost 
ertainly

have the general solution. (Be mu
h more 
areful making generalizations about non-linear

equations.)
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1.133 In this problem you will show that the prin
iple of linear superposition does not apply to

the non-linear differential equation y

′′ − y

′
y = 0.

(a) What makes this equation non-linear?

Final Answer: y

′
y

(b) Assume you have found two solutions y

1

and y

2

. Plug the guess y = y

1

+ y

2

into the

left side of this equation and simplify as mu
h as possible using the fa
t that y

1

and y

2

are both solutions. What term are you left with that doesn't go away?

Solution:

(y
1

+ y

2

)′′ − (y
1

+ y

2

)′(y
1

+ y

2

) = 0

y

′′
1

+ y

′′
2

− y

′
1

y

1

− y

′
1

y

2

− y

′
2

y

1

− y

′
2

y

2

= 0

(y′′
1

− y

′
1

y

1

) + (y′′
2

− y

′
2

y

2

) − y

′
1

y

2

− y

′
2

y

1

= 0

Be
ause y

1

is a solution to the differential equation, the �rst parentheti
al expression

y

′′
1

− y

′
1

y

1

must equal zero. The se
ond parentheti
al expression similarly vanishes. But

that leaves the terms y

′
1

y

2

and y

′
2

y

1

whi
h are not guaranteed to be zero, so we do not

ne
essarily have a solution.

(
) Show that y

1

= 2 tan x is a solution.

Solution:

y

1

=
2 sin x


os x

→ y

′
1

=
2


os

2

x

→ y

′′
1

=
4 sin x


os

3

x

Let's plug all that into the left side of the differential equation and see what we get.

4 sin x


os

3

x

−
(

2


os

2

x

)(
2 sin x


os x

)
= 0

It works!

(d) Show that y

2

= 2 is a solution.

Solution:

y

2

= 2 → y

′
2

= y

′′
2

= 0

Let's plug all that into the left side of the differential equation and see what we get.

0 − (0)(2) = 0

It works!

(e) Plug in y = 2 tan x + 2. Show that it doesn't work, and show that the term you are left

with is the same term you found in Part b.

Solution:

y

1

=
2 sin x


os x

+ 2 → y

′
1

=
2


os

2

x

→ y

′′
1

=
4 sin x


os

3

x

Let's plug all that into the left side of the differential equation and see what we get.

4 sin x


os

3

x

−
(

2


os

2

x

)(
2 sin x


os x

+ 2

)
= −

4


os

2

x

We don't get zero this time, so it is not a solution. Our previous solution suggested that

we would be left with this.

−y′
1

y

2

− y

′
2

y

1

= −
(

2


os

2

x

)
(2) − (0)

(
2 sin x


os x

)
= −

4


os

2

x

Sure enough.
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1.134 Consider the equation dy∕dx = 1∕y.

(a) Explain how you 
an tell this equation is non-linear.

Solution: A linear equation 
annot have 1∕y.

(b) Show that y =
√
2x + C is a solution.

Solution:

y(x) = (2x + C)1∕2

y

′(x) =
1

2

(2x + C)−1∕2 × 2 =
1√

2x + C

=
1

y

We have a solution with an arbitrary 
onstant for a �rst-order equation, so it must be the

general solution�right?That's a good rule of thumbbut it does not always work, espe
ially

for non-linear equations.

(
) Show that y = −
√
2x + 1 is a solution, and that it 
annot be written in the form given

by Part b. (This shows that Part b was not in fa
t the general solution.)

Solution:

y(x) = −(2x + 1)1∕2

y

′(x) = −
1

2

(2x + 1)−1∕2 × 2 = −
1

√
2x + 1

=
1

y

But the solution given in the �rst partwas positive for any value ofC, while this fun
tion

is negative.
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1.135 x

′(t) = y, y

′(t) = x. x(t) = Ae

t

, y(t) = Ae

t

Solution:

x = Ae

t

→ x

′(t) = Ae

t = y(t)

y = Ae

t

→ y

′(t) = Ae

t = x(t)

So it is a solution. Note that it is not the general solution, whi
h would require two arbitrary


onstants.

Final Answer: solution
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1.136 x

′(t) = −x + y, y

′(t) = x − y. x(t) = A(1+ e

−2t) + B(1− e

−2t), y(t) = A(1− e

−2t) + B(1+

e

−2t)

Solution:

x(t) = A(1+ e

−2t) + B(1− e

−2t)

x

′(t) = −2Ae−2t + 2Be

−2t

−x + y = −2Ae−2t + 2Be

−2t

Looks good so far!

y(t) = A(1− e

−2t) + B(1+ e

−2t)

y

′(t) = 2Ae

−2t − 2Be

−2t

x − y = 2Ae

−2t − 2Be

−2t

So it works. Be
ause both equations are �rst- order linear we should have two arbitrary


onstants, and we do, so it is the general solution.

Final Answer: General solution
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1.137 x

′(t) = 2y, y

′(t) = x + y. x(t) = Ae

2t + 2Be

−t
, y(t) = Ae

2t − Be

−t

Solution:

x(t) = Ae

2t + 2Be

−t

x

′(t) = 2Ae

2t − 2Be

−t

2y = 2Ae

2t − 2Be

−t

Looks good so far!

y(t) = Ae

2t − Be

−t

y

′(t) = 2Ae

2t + Be

−t

x + y = 2Ae

2t + Be

−t

So it works. Be
ause both equations are �rst- order linear we should have two arbitrary


onstants, and we do, so it is the general solution.

Final Answer: solution
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1.138 x

′(t) = 2xy, y

′(t) = x

2 + y

2

. x(t) = 1∕(t2 − 1), y(t) = −t∕(t2 − 1) Hint: The equations are

non-linear, but in this 
ase you should still be able to �gure out if this solution is general.

Solution:

x(t) = (t2 − 1)−1

x

′(t) = −(t2 − 1)−2(2t) = −
2t

(t2 − 1)2

2xy = −
2t

(t2 − 1)2

So far so good!

y(t) = −
t

t

2 − 1

y

′(t) =
t

2 + 1

(t2 − 1)2

x

2 + y

2 =
1 + t

2

(t2 − 1)2

So we have a solution. Note, however, that this solution has no arbitrary 
onstants at all, so

it has no �exibility for meeting initial 
onditions. For instan
e, at t = 0 this solution must

be at the point (x, y) = (−1, 0).

Final Answer: solution
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1.139 x

′′(t) = y, y

′′(t) = −x. x(t) = Ae

t

, y(t) = Ae

t

Solution:

x = Ae

t

→ x

′ = Ae

t

→ x

′′ = Ae

t = y

So that looks good! But�

y = Ae

t

→ y

′ = Ae

t

→ y

′′ = Ae

t ≠ −x

So this is not a solution.

Final Answer: Not a solution
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1.140 Find the general solutions (two independent arbitrary 
onstants) to the following sets of


oupled equations. You should be able to do these mostly by inspe
tion, but you 
an

de
ouple them if you get stu
k.

(a) f

′(x) = g(x), g′(x) = f (x)

Solution: As the problem said, you 
an approa
h these by de
oupling. But we just

thought about them for a while.

The most obvious solution to this �rst part is f (x) = g(x) = e

x

. A bit less obvious is

f (x) = e

−x
and g(x) = −e−x. So we 
an write the general solution like this.

f (x) = Ae

x + Be

−x

g(x) = Ae

x − Be

−x

If you are familiar with the hyperboli
 sine and 
osine you 
an solve this even more

simply with them. The hyperboli
 sine and 
osine are ea
h other's derivatives, with no

negative sign; that is part of what makes them useful.

f (x) = A sinh x + B 
osh x

g(x) = A 
osh x + B sinh x

Final Answer: f (x) = Ae

x + Be

−x
and g(x) = Ae

x − Be

−x
, or f (x) = A sinh x +

B 
osh x, g(x) = A 
osh x + B sinh x

(b) f

′(x) = −g(x), g′(x) = −f (x)

Solution: On
e you've seen the solution to the previous problem, it helps a bit in

thinking through this one. The easier solution to �nd is f (x) = g(x) = e

−x
. The less

obvious one is f (x) = e

x

and g(x) = −ex.

f (x) = Ae

−x + Be

x

g(x) = Ae

−x − Be

x

The hyperboli
 sine and 
osine version of this solution looks like this.

f (x) = A sinh(x) + B 
osh(x)

g(x) = −A 
osh(x) − B sinh(x)

Final Answer: f (x) = Ae

−x + Be

x

and g(x) = Ae

−x − Be

x

, or f (x) = A sinh(x) +

B 
osh(x), g(x) = −A 
osh(x) − B sinh(x)

(
) f

′(x) = g(x), g′(x) = 4f (x)

Solution:A little informal de
oupling
an be helpful here.When you take the derivative

of f you get g; when you take the derivative again you get 4f ; so the se
ond derivative

of f is 4f and we know the solution to that is f = e

2x

. That means g = 2e

2x

and we 
an

readily see that it works. A bit more thought leads to the other solution, whi
h looks

the same but with −2 instead of 2.

f (x) = Ae

2x + Be

−2x

g(x) = 2Ae

2x − 2Be

−2x

Final Answer: f (x) = Ae

2x + Be

−2x
, g(x) = 2Ae

2x − 2Be

−2x
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1.141 The superstates of O
eania and Eastasia have a 
ompli
ated ever-
hanging relationship.

For ea
h s
enario below write a set of 
oupled differential equations that might represent

their populationsO(t) andE(t). Then des
ribe�using equations or words�howyouwould

expe
t their populations to evolve over time.

(a) O
eania and Eastasia are mutually supportive allies. The greater their 
ombined (total)

population, the more their individual populations grow.

Final Answer: dO∕dt = k

1

(O + E), dE∕dt = k

2

(O + E)

(b) O
eania and Eastasia are at war. The greater the population of O
eania, the more

Eastasians are killed ea
h year, and vi
e versa.

Final Answer: dO∕dt = −k
1

E, dE∕dt = −k
2

O

(
) O
eania and Eastasia are at war, but a different kind of war. If O
eania has more

people than Eastasia, then the population of O
eania will grow while the population of

Eastasia shrinks. The reverse if Eastasia outnumbersO
eania. The greater the differen
e

in population, the greater the 
hanges.

Final Answer: dO∕dt = k

1

(O − E), dE∕dt = k

2

(E − O)

(d) O
eania andEastasia have a treaty of pea
e andmutual support, butO
eania 
heats. The

greater the population of Eastasia, the more O
eania thrives; the greater the population

of O
eania, the more Eastasia suffers.

Final Answer: dO∕dt = k

1

E, dE∕dt = −k
2

O
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1.142 A vat 
ontains a mole
ules of substan
e A and b mole
ules of substan
e B. Ea
h se
ond,

kab rea
tions o

ur, ea
h of whi
h turns one mole
ule of A and two mole
ules of B into a

mole
ule of C.

(a) Write differential equations for the number of mole
ules of a, b, and 
.

Final Answer: a

′ = −kab, b′ = −2kab, 
′ = kab

(b) Des
ribe in words how you would expe
t these numbers to evolve over time.

Solution: a will de
rease qui
kly at �rst, then more slowly, approa
hing zero�like an

exponential de
ay. b will do the same, but always de
reasing twi
e as fast as a. 
 will

in
rease qui
kly at �rst and then more slowly, asymptoti
ally approa
hing the value

where all the a and b have been 
onverted.

(
) Now assume that in addition to the 
hemi
al rea
tion des
ribed above, 10

23

mole
ules

of A are being added to the vat ea
h se
ond. Write the new differential equations and

dis
uss how this will 
hange the results over time.

Solution: a

′ = −kab + 10

23

, b

′ = −2kab, 
′ = kab. As the rea
tions slow down and

the amount of b approa
hes zero, the amount of 
 will still approa
h the same value it

did before, leaving a 
limbing linearly.

Final Answer: a

′ = −kab+ 10

23

, b

′ = −2kab, 
′ = kab
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1.143 Tanks A and B with volumes V

A

and V

B

are both �lled with a mixture of water and brine.

Pure brine is being poured into tank A at a rate of r gallons per minute. Meanwhile the

water/brine mix from tank A is being poured into tank B at the same rate, and the mix from

tank B is being poured into the nearby river at the same rate. Sin
e the rates are all the same

the volume of liquid in ea
h tank stays the same, and you 
an assume that the tanks are

well mixed, so the fra
tion of brine leaving ea
h tank equals the total fra
tion of brine in

the tank at that moment.

(a) Write a pair of 
oupled differential equations for the number of gallons of brine in ea
h

tank, G

A

and G

B

.

Final Answer: dG

A

∕dt = r(1 − G

A

∕V
A

), dG
B

∕dt = r(G
A

∕V
A

− G

B

∕V
B

)

(b) Physi
ally, what would you expe
t to happen to G

A

and G

B

in the long run, and why?

Solution:Both will asymptoti
ally approa
h being �lled with pure brine. lim

t→∞
G

A

= V

A

and lim

t→∞
G

B

= V

B

.

(
) Mathemati
ally, how 
an you look at the differential equations you wrote and 
on�rm

that the physi
al behavior you des
ribed is whatG

A

andG

B

will do at late times?Hint:

Consider what must be true of G

A

and G

B

in order for G

′
A

= G

′
B

= 0, and what will

happen to G

A

and G

B

when that 
ondition isn't met.

Solution: As long as G

A

< V

A

the formula for G

′
A

will be positive, so G

′
A

will keep

in
reasing. When G

A

= V

A

then G

′
A

= 0; that's the equilibrium value.

The situation is subtler with the G

B

equation, but we have just 
on
luded that the ratio

G

A

∕V
A

will approa
h 1 in the long term. When it is roughly 1, then the G

B

equation

looks exa
tly the same.
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1.144 Tanks A and B, with volumes V

A

and V

B

, are both �lled with a mixture of water and brine.

Ea
h minute r gallons of liquid �ow from A to B and an equal amount �ows from B to A.

Sin
e the rates are the same the volume of liquid in ea
h tank stays the same, and you 
an

assume that the tanks are well mixed, so the fra
tion of brine leaving ea
h tank equals the

total fra
tion of brine in the tank at that moment.

(a) Write a pair of 
oupled differential equations for the number of gallons of brine in ea
h

tank, G

A

and G

B

.

Final Answer: dG

A

∕dt = r(G
B

∕V
B

− G

A

∕V
A

), dG
B

∕dt = r(G
A

∕V
A

− G

B

∕V
B

)

(b) Physi
ally, what would you expe
t to happen to G

A

and G

B

in the long run, and why?

Solution: Let's suppose, arbitrarily, that A has a higher 
on
entration of brine than B.

ThenAwill be dumping outmore brine than it is gaining, andBof 
oursewill be gaining

more than it dumps. So the 
on
entration of A will go down and the 
on
entration of

B will go up.

By this kind of argument you 
an see that they will approa
h having exa
tly the same


on
entration of brine. When they rea
h that point they will be ex
hanging identi
al

streams, so nothing will 
hange.

(
) Mathemati
ally, how 
an you look at the differential equations you wrote and 
on�rm

that the physi
al behavior you des
ribed is whatG

A

andG

B

will do at late times?Hint:

Consider what must be true of G

A

and G

B

in order for G

′
A

= G

′
B

= 0, and what will

happen to G

A

and G

B

when that 
ondition isn't met.

Solution: If A has a higher 
on
entration of brine than B, thenG

A

∕V
A

> G

B

∕V
B

. This

makes the formula forG

′
A


ome out negative andG

′
B


ome out positive. The equilibrium

state, when both derivatives are zero, 
omes when G

A

∕V
A

= G

B

∕V
B

.
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1.145 The �gure shows two balls 
onne
ted to ea
h other and to the walls by three springs. Ball 1

has mass m

1

and is displa
ed by an amount x

1

from its equilibrium position, and similarly

for Ball 2.

m1 m2

k1 k2 k3

x2
x1 = 0

(a) The position x

1

= x

2

= 0 represents the equilibrium position. Now imagine that Ball 1

is at this position pre
isely, but Ball 2 is slightly to the right of this position, as shown

above.Whi
h springs now exert for
e onBall 1, and inwhi
h dire
tions?Whi
h springs

now exert for
e on Ball 2, and in whi
h dire
tions?

Final Answer: Spring 2 pulls m

1

to the right. Springs 2 and 3 pull m

2

to the left.

(b) Now imagine that Ball 1 is displa
ed to the right by a distan
e x

1

, andBall 2 is displa
ed

to the right by x

2

.

i. The for
e of Spring 1 on Ball 1 depends only on the position x

1

(the other position

is irrelevant). Write a formula for this for
e.

Solution: F = −k
1

x

1

ii. How mu
h is Spring 2 stret
hed? Your answer should be a fun
tion of x

1

and x

2

.

For example, if both balls are displa
ed the same amount to the right then Spring

2 isn't stret
hed at all. As a 
he
k on your answer, make sure it gives a positive

answerwhenSpring 2 is longer than its equilibrium length, a negative answerwhen

it is shorter, and 0 when Spring 2 is at its equilibrium length (neither stret
hed nor


ompressed.)

Solution: x

2

− x

1

iii. Using your answer to Part b, write a formula for the for
e of Spring 2 on Ball 1.

Solution: F = k

2

(x
2

− x

1

)

iv. Putting the two for
es together and using F = ma, write a differential equation for

x

1

(t). Be sure you have the sign of ea
h for
e 
orre
t.

Final Answer: x

′′
1

(t) = −(k
1

∕m
1

)x
1

+ (k
2

∕m
1

)(x
2

− x

1

)

(
) Repeat Part b for x

2

.

Final Answer: x

′′
2

(t) = (k
2

∕m
2

)(x
1

− x

2

) − (k
3

∕m
2

)x
2

You will solve this parti
ular set of 
oupled differential equations twi
e: using matri-


es in Chapter 6, and using Lapla
e transforms in Chapter 10.
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1.146 [This problem depends on Problem 145.℄

(a) Write the 
oupled differential equations for Problem 145 for the 
ase where k

1

= 1,

k

2

= 4, k

3

= 28, m

1

= 1, and m

2

= 4.

Solution:

d

2

x

1

dt

2

= −x
1

+ 4(x
2

− x

1

)

→

d

2

x

1

dt

2

= −5x
1

+ 4x

2

4

d

2

x

2

dt

2

= 4(x
1

− x

2

) − 28x

2

→

d

2

x

2

dt

2

= x

1

− 8x

2

Final Answer: d

2

x

1

∕dt2 = −5x
1

+ 4x

2

, d

2

x

2

∕dt2 = x

1

− 8x

2

(b) The general solution to this problem would have four arbitrary 
onstants. What are the

four initial 
onditions you would need to �nd them?

Solution: The initial positions and initial velo
ities of ea
h ball.

Final Answer: x

1

(0), x
2

(0), x′
1

(0), x′
2

(0)

(
) Verify that x

1

= 4 
os(2t), x
2

= 
os(2t) is one valid solution.

Solution:

x

1

= 4 
os(2t)

x

′′
1

= −16 
os(2t)

−5x
1

+ 4x

2

= −16 
os(2t)

So far so good!

x

2

= 
os(2t)

x

′′
2

= −4 
os(2t)

x

1

− 8x

2

= −4 
os(2t)

(d) Verify that x

1

= sin(3t), x
2

= − sin(3t) is one valid solution.

Solution:

x

1

= sin(3t)

x

′′
1

= −9 sin(3t)

−5x
1

+ 4x

2

= −9 sin(3t)

So far so good!

x

2

= − sin(3t)

x

′′
2

= 9 sin(3t)

x

1

− 8x

2

= 9 sin(3t)

So it works.
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1.147 De�ne a 
oordinate systemwith the sun at the origin and the Earth's position given by (x, y).

(The Earth orbits in a plane, so we 
an ignore the third dire
tion.) We will for simpli
ity

assume the sun doesn't move.

(a) The gravitational a

eleration of a planet being pulled on by the sun has magnitude

GM∕r2, where G is a 
onstant, M is the sun's mass, and r is the distan
e between the

two obje
ts. Write down the magnitude of the gravitational a

eleration of the Earth in

terms of x and y.

Final Answer: GM∕(x2 + y

2)

(b) Using the fa
t that the gravitational a

eleration points towards the origin (the sun),

�nd the x and y-
omponents of the Earth's gravitational a

eleration. Hint: You may

�nd it helpful to draw a pi
ture and label an angle �, but your �nal answer should be in

terms of x and y, not �.

Solution:

From the drawing we 
an see that |a
x

| = |a⃗| 
os �. But we 
an also see that 
os � =

x∕
√
x

2 + y

2

. Similar logi
 applies to a

y

. Finally, note that if x and y are positive (as in

the drawing) then a

x

and a

y

(both of whi
h point to the sun in the 
enter) are negative.

Putting it all together�

a

x

= −GM
x

(x2 + y

2)3∕2

a

y

= −GM
y

(x2 + y

2)3∕2

Final Answer: a

x

= −GMx∕(x2 + y

2)3∕2, a
y

= −GMy∕(x2 + y

2)3∕2

(
) Use the a

eleration 
omponents you just wrote to write two 
oupled differential

equations for x(t) and y(t).

Final Answer: d

2

x∕dt2 = −GMx∕(x2 + y

2)3∕2, d2

y∕dt2 = −GMy∕(x2 + y

2)3∕2

(d) Verify that x(t) = a 
os

(√
GM∕a3 t

)
, y(t) = a sin

(√
GM∕a3 t

)
is a solution to the


oupled equations you wrote for any value of a. What kind of motion does this solution

represent?

Solution: Sin
e (x2 + y

2)3∕2 appears in both equations, let's start there.

x

2 + y

2 = a

2


os

2

(√
GM∕a3 t

)
+ a

2

sin

2

(√
GM∕a3 t

)
= a

2

(x2 + y

2)3∕2 = a

3
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With that out of the way, let's look at the differential equation for x.

d

2

x

dt

2

= −
GM

a

2


os

(√
GM∕a3 t

)

−
GMx

(x2 + y

2)3∕2
= −

GM

a

2


os

(√
GM∕a3 t

)

The y equation works out similarly.

In general the parametri
 equations x = a 
os(�), y = a sin(�) des
ribe a 
ir
le of radius

a. This solution mat
hes that form. Sin
e the angle � is proportional to t the Earth is

tra
ing out a 
ir
le around the sun. (The real Earth moves in an ellipse, but this shows

that a 
ir
le would be a possible orbit.)

Final Answer: Cir
le
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1.148 Walk-Through: De
oupling Equations. In this problem you will solve the equations

f

′(t) = f (t) + g(t), g′(t) = 3f (t) − g(t). We will refer to these as the f

′
equation and the g

′

equation respe
tively.

(a) Differentiate both sides of the f

′
equation to get f

′′
in terms of f

′
and g

′
.

Final Answer: f

′′ = f

′ + g

′

(b) Substitute g

′
from the g

′
equation into your answer to get f

′′
in terms of f , f

′
, and g.

Final Answer: f

′′ = f

′ + 3f − g

(
) Solve for g in the original f

′
equation and plug this into your answer to get a de
oupled,

se
ond- order differential equation for f .

Final Answer: f

′′ = 4f

(d) Find the general solution for f (t) by inspe
tion.

Final Answer: f (t) = Ae

2t + Be

−2t

(e) Plug this solution for f into the f

′
equation and solve (algebrai
ally) for g.

Final Answer: g = Ae

2t − 3Be

−2t

(f) Plug your general solution for f and g into the original equations and verify that they

work.

Solution:

f

′
equation: 2Ae

2t − 2Be

−2t

= Ae

2t + Be

−2t + Ae

2t − 3Be

−2t

g

′
equation: 2Ae

2t + 6Be

−2t

= 3Ae

2t + 3Be

−2t − Ae

2t + 3Be

−2t

Both are true, so it works.
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1.149 f

′ = 3g, g

′ = 6f

Solution: f

′ = 3g be
omes f

′′ = 3g

′
. Plugging this into the se
ond equation makes

it f

′′∕3 = 6f or f

′′ = 18f with solution f = Ae

√
18x + Be

√
18x

. You 
an plug this into either

original equation to �nd g(x).

f (x) = Ae

√
18x + Be

−
√
18x

g(x) =
A

√
18

3

e

√
18x −

B

√
18

3

e

−
√

18x

Final Answer: f (x) = Ae

√
18x + Be

√
18x

, g(x) = A

√
18e

√
18x∕3 − B

√
18e

√
18x∕3



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 161

161

1.150 f

′ = f + g, g

′ = f

Solution: Use g

′ = f and its derivative g

′′ = f

′
to repla
e both f and f

′
in the �rst

equation and you get g

′′ = g

′ + g or g

′′ − g

′ − g = 0. Guessing a solution of the form

g = e

kx

leads to k

2 − k − 1 = 0. So g = Ae

k

1

x + Be

k

2

x

with k

1

and k

2

given by the above

quadrati
 equation, and f is the derivative of that.

f (x) = Ak

1

e

k

1

x + Bk

2

e

k

2

x

g(x) = Ae

k

1

x + Be

k

2

x

k

1,2 =
1 ±

√
5

2

Final Answer: f (x) = Ak

1

e

k

1

x + Bk

2

e

k

2

x

, g(x) = Ae

k

1

x + Be

k

2

x

where k

1,2 =(
−1 ±

√
5

)
∕2.
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1.151 f

′ = af + bg, g

′ = 
f + dg

Solution:We will use the �rst equation and its derivative to solve for both g and g

′
.

f

′ = af + bg → g =
f

′ − af

b

f

′′ = af

′ + bg

′
→ g

′ =
f

′′ − af

′

b

Now plug both of these into the se
ond equation.

f

′′ − af

′

b

= 
f + d

f

′ − af

b

Simplify and put into standard form.

f

′′ − (a + d)f ′ + (ad − b
)f = 0

Assume a solution of the form f = e

kx

and the solution is f = Ae

k

1

x + Be

k

2

x

where k

1

and

k

2

are given by the quadrati
 equation k

2 − (a + d)k + (ad − b
) = 0.

We already know that g = (f ′ − af )∕b so we 
an plug our known f into that and get

g =
1

b

(
Ak

1

e

k

1

x + Bk

2

e

k

2

x − aAe

k

1

x − aBe

k

2

x

)

So now we have our solutions.

f (x) = Ae

k

1

x + Be

k

2

x

g(x) =
A

b

(k
1

− a)ek1x +
B

b

(k
2

− a)ek2x

k

1,2 =
a + d ±

√
a

2 − 2ad + d

2 + 4b


2

Final Answer: f (x) = Ae

k

1

x + Be

k

2

x

, g(x) = (A∕b)(k
1

− a)ek1x + (B∕b)(k
2

− a)ek2x

where k

1,2 = (1∕2)
(
a + d ±

√
a

2 − 2ad + d

2 + 4b


)
.



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 163

163

1.152 f

′ = af

2∕g, g′ = 2af + bg. Hint: You should end up with a simple linear equation for f

′′
.

Solution:We're going to solve the �rst equation to plug in for g in the se
ond.

f

′
g = af

2

→ f

′′
g + f

′
g

′ = 2aff

′
→ g

′ =
2aff

′ − f

′′
g

f

′
= 2af −

f

′′

f

′
g

So we plug that in for g

′
, and plug af

2∕f ′ in for g, and the se
ond equation be
omes this.

2af −
f

′′

f

′

(
af

2

f

′

)
= 2af + b

af

2

f

′
→ −

f

′′

f

′
= b → f

′′ = −bf ′

That is a se
ond- order equation for f but we 
an think of it as a �rst- order equation for f

′
.

Whatever f

′
is, when you take its derivative it multiplies by −b. In other words f ′ = Ae

−bx
.

When we integrate that to �nd f we 
an absorb the −b into the arbitrary 
onstant A, but we

still have to add another arbitrary 
onstant, so f = Ae

−bx + B.

Now remember that g = af

2∕f ′whi
h is a(Ae−bx + B)2∕(−Abe−bx). To rea
h the form

below we squared out the top and then divided ea
h term by the e

−bx
on the bottom.

f (x) = Ae

−bx + B

g(x) = −
a

Ab

(
A

2

e

−bx + 2AB + B

2

e

bx

)

Final Answer: f (x) = Ae

−bx + B, g(x) = −a(A2

e

−bx + 2AB + B

2

e

bx)∕(Ab)
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1.153 Bars A and B are in 
onta
t with ea
h other.

(a) Write a pair of 
oupled ODEs for T

A

and T

B

.

Final Answer: T

′
A

= k

A

(T
B

− T

A

), T ′
B

= k

B

(T
A

− T

B

)

(b) Looking at your equations, des
ribe what will happen to T

A

and T

B

over time. If they

start with T

A

> T

B

what will happen to the two temperatures initially? How will it


hange over time? What will happen at very late times?

Solution:The hotter onewill 
ool down and the 
older onewill heat up�rapidly at �rst,

then slower over time as their temperatures approa
h ea
h other. They will approa
h

the equilibrium state of having the same temperature.

(
) Based on your answers, draw a qualitative sket
h showing T

A

and T

B

vs. time on the

same plot. Your plot should show how the fun
tions behave at early and late times. You

do not need to in
lude any numbers on your axes.

Solution:

(d) Solve the differential equations youwrote by de
oupling them. Verify that the solutions

mat
h the behavior you des
ribed qualitatively above.

Solution: Use the �rst equation to solve for T

B

and T

′
B

.

T

′
A

= k

A

(T
B

− T

A

) → T

B

=
T

′
A

k

A

+ T

A

→ T

′
B

=
T

′′
A

k

A

+ T

′
A

Now plug both into the se
ond equation.

T

′′
A

k

A

+ T

′
A

= k

B

(
T

A

−
T

′
A

k

A

− T

A

)

This simpli�es to T

′′
A

= −(k
A

+ k

B

)T ′
A

. That's a se
ond- order differential equation for

T

A

but we 
an look at it as a �rst- order differential equation for T

′
A

; when you take its

derivative, it multiplies by −(k
A

+ k

B

). So T ′
A

= Ce

−(k
A

+k
B

)t
. When we integrate that to

�nd T

A

we 
an absorb the −(k
A

+ k

B

) into the arbitrary 
onstant, but we have to add

another arbitrary 
onstant, so T

A

= C

1

e

−2(k
A

+k
B

)t + C

2

.

We already have a formula for T

B

in terms of T

A

.

T

B

=
T

′
A

k

A

+ T

A

=
−2C

1

(k
A

+ k

B

)e−2(kA+kB)t

k

A

+ C

1

e

−2(k
A

+k
B

)t + C

2

By splitting up the (k
A

+ k

B

) in the numerator of the fra
tion you 
an simplify this and

end up in the following form.

T

A

= C

1

e

−2(k
A

+k
B

)t + C

2

T

B

= −C
1

(
2k

B

∕k
A

+ 1

)
e

−2(k
A

+k
B

)t + C

2

We 
an see that as the de
aying exponentials approa
h zero, both temperatures will

approa
h a 
ommon value (C

2

). We 
an also see that if C

1

> 0 then T

A

starts out higher
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than C

2

and goes down, while T

B

starts out lower than C

2

and goes up, and vi
e- versa

if C

2

< 0.

Final Answer: T

A

= C

1

e

−2(k
A

+k
B

)t + C

2

, T

B

= −C
1

(
2k

B

∕k
A

+ 1

)
e

−2(k
A

+k
B

)t + C

2
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1.154 Bars A, B, and C are sta
ked so that A and B are tou
hing and B and C are tou
hing, but

not A and C.

(a) Write a set of 
oupled ODEs for T

A

, T

B

, and T

C

.

Final Answer: T

′
A

= k

A

(T
B

− T

A

), T ′
C

= k

C

(T
B

− T

C

), and T ′
B

= k

B

(T
A

+ T

C

− 2T

B

)

(b) What would have to be true of T

A

, T

B

, and T

C

in order for none of them to 
hange?

You 
an use physi
al intuition to help guide you, but you must explain your answer in

terms of the ODEs you wrote.

Solution:All three have to be the same. IfT

A

≠ T

B

thenT

′
A

≠ 0, and similarly ifT

B

≠ T

C

then T

′
C

≠ 0. If all three are the same then all three derivatives 
ome out zero.

Final Answer: All three have to be the same.

(
) If the bars start out with T

A

> T

B

= T

C

, des
ribe what will happen to the temperatures

initially?What will happen a short time later? What will happen a very long time later?

Solution: Initially heat will �ow from A to B, so T

A

will lower while T

B

rises. This will


reate a differen
e between bars B and C so heat will start to �ow from B to C as well.

(So heat has �owed fromA toC, but indire
tly.) For a while youwill see T

A

> T

B

> T

C

.

Eventually they will all approa
h a 
ommon temperature lower than the initial T

A

but

higher than the initial T

B

.
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1.155 Bar A is tou
hing bar B, whi
h is in 
onta
t with a room at 
onstant temperature T

R

. (Bar

A is insulated from the room, so it 
an only ex
hange heat with bar B. The room is large so

it will affe
t bar B without being affe
ted by it.)

(a) Write a pair of 
oupled ODEs for T

A

and T

B

.

Final Answer: T

′
A

= k

A

(T
B

− T

A

), T ′
B

= k

B

(T
A

+ T

R

− 2T

B

)

(b) What do you expe
t to happen to T

A

and T

B

in the long term?

Solution: They will both approa
h T

R

(
) Solve the ODEs you wrote by de
oupling them. Take the limit of your solution as

t → ∞ and verify that they mat
h your predi
tions.

Solution:

T

′
A

= k

A

(T
B

− T

A

) → T

B

=
T

′
A

k

A

+ T

A

→ T

′
B

=
T

′′
A

k

A

+ T

′
A

Now plug both of those into the se
ond equation.

T

′′
A

k

A

+ T

′
A

= k

B

[
T

A

+ T

R

− 2

(
T

′
A

k

A

+ T

A

)]

T

′′
A

k

A

+ T

′
A

= k

B

[
T

R

− 2

T

′
A

k

A

− T

A

]

T

′′
A

+ k

A

T

′
A

= k

A

k

B

T

R

− 2k

B

T

′
A

− k

A

k

B

T

A

T

′′
A

+ (k
A

+ 2k

B

)T ′
A

+ k

A

k

B

T

A

= k

A

k

B

T

R

We 
an solve the 
omplementary homogeneous equation by guessing a solution of the

form T

A

= e

pt

. We end up solving a quadrati
 equation for p.

p =
−(k

A

+ 2k

B

) ±
√
(k

A

+ 2k

B

)2 − 4k

A

k

B

2

=
−(k

A

+ 2k

B

) ±
√

k

2

A

+ 4k

2

B

2

Two things to note about that. First, be
ause k

2

A

+ 4k

2

B

is always positive, we always get

two real solutions. Se
ond, be
ause k

A

+ 2k

B

≥
√

k

2

A

+ 4k

2

B

both solutions are always

negative. So we're going to get de
aying exponential fun
tions.

The very simple parti
ular solution that suggests itself is T

A

= T

R

sin
e that 
onstant

solutionmakes T

′
A

= T

′′
A

= 0. So when the exponential solutions de
ay the solutionwill

approa
h T

R

as it should.

FinalAnswer:T

A

= T

R

+ C

1

e

−p
1

t + C

2

e

−p
2

t

wherep

1,2 = (1∕2)

(
k

A

+ 2k

B

±
√

k

2

A

+ 4k

2

B

)
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1.156 The Dis
overy Exer
ise (Se
tion 1.7.1) presented a simpli�ed model of a predator-prey

relationship. A more 
ommonly used model, although still too simple for some situations,

is the �Lotka�Volterra equations,� sometimes 
alled the �predator-prey equations.�

dR∕dt = �R − �RF

dF∕dt = 
RF − �F

R and F represents the populations of rabbits and foxes, and the Greek letters represent

positive 
onstants.

(a) What would happen to the rabbit population if there were no foxes? You may use


ommon sense to 
he
k your answer, but youmust explain how you 
an �gure out your

answer from the Lotka�Volterra equations.

Solution: If there are no foxes, dR∕dt = �R with solution R = R

0

e

�t
. Un
he
ked by

predators, the rabbit populationwill grow exponentially: the more rabbits you have, the

more you get.

Final Answer: Exponential growth

(b) Similarly, explain using these equations what would happen to the fox population if

there were no rabbits.

Solution: If there are no foxes, dF∕dt = −�F with solution F = F

0

e

−�t
. With no food

sour
e the fox population will die off qui
kly.

Final Answer: Exponential de
ay

(
) What valueswouldR andF have to have in order for their populations to be un
hanging?

Give both answers to this, one ofwhi
h you 
an think of just by looking at the equations.

The other one will require some 
al
ulation.

Solution: The �just looking� solution is R = F = 0. In that 
ase dR∕dt = dF∕dt = 0.

If there are no rabbits or foxes, nothing ever happens.

The �some 
al
ulations� solution starts by translating �populations are un
hanging� to

�derivatives are zero.� This gives us two simultaneous equations to solve for R and F.

�R − �RF = 0


RF − �F = 0

If R ≠ 0 then we 
an divide the top equation by R and then solve to �nd F = �∕�, and

similarly the bottom equation be
omes R = �∕
 .

Final Answer: R = F = 0 or R = �∕
 , F = �∕�

(d) Theprodu
tRF appears in both equations, adding to the numberof foxes and subtra
ting

from the rabbits. Why?

Solution:RF quanti�es the probability of a fox en
ounteringa rabbit. Su
h anen
ounter

is good for the fox, not so good for the rabbit.

(e) The simplest population growth for the foxes would be dF∕dt = �F: �the more foxes

you have, themore you get.� But in the Lotka�Volterra equations, �F is subtra
ted from

dF∕dt: �the more foxes you have, the fewer you get.� Why? (Hint: You 
annot answer

this question without thinking about the whole s
enario.)

Solution:The foxes are sharing a �nite supply of food (rabbits). If you have ten rabbits,

one fox 
an live like a king, but twenty foxes are going to be hungry.
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1.157 [This problem depends on Problem 156.℄ De
ouple the Lotka�Volterra equations to get a

differential equation for R(t). Why is this te
hnique not parti
ularly useful for this 
ase?

Solution: Solve the �rst equation for F and F

′
.

F =
�R − dR∕dt

�R
=

1

�

(
� −

dR∕dt

R

)

dF

dt

=
1

�

(
−
R

(
d

2

R∕dt2
)
− (dR∕dt)2

R

2

)

Rewrite the se
ond equation as dF∕dt = (
R − �)F and plug in the values from above.

−
1

�

(
R

(
d

2

R∕dt2
)
− (dR∕dt)2

R

2

)
= (
R − �)

1

�

(
� −

dR∕dt

R

)

R

d

2

R

dt

2

−
(
dR

dt

)
2

−
(

R2 − �R

)
dR

dt

+ �
R3 − ��R2 = 0

Be
ause this is a non-linear se
ond- order equation, it will be very dif�
ult if not impossible

to solve.

Final Answer: R

(
d

2

R∕dt2
)
− (dR∕dt)2 −

(

R2 − �R

)
(dR∕dt) + �
R3 − ��R2 = 0
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1.158 Consider the Romeo and Juliet problem with proper units. Here R and J are Romeo's and

Juliet's love for ea
h other and � and � are positive 
onstants.

dR∕dt = �J

dJ∕dt = −�R

(a) If R and J are ea
h measured in love-units, what are the units of � and �?

Final Answer: one over time

(b) Solve for R(t) and J(t) by de
oupling the equations. Your �nal answer should have two

arbitrary 
onstants in it.

Solution:

J =
1

�

dR

dt

dJ

dt

=
1

�

d

2

R

dt

2

1

�

d

2

R

dt

2

= −�R

d

2

R

dt

2

= −��R

R = A sin

(√
�� t

)

+ B 
os

(√
�� t

)

J =

√
�

�

[
A 
os

(√
�� t

)

−B sin
(√

�� t

)]

FinalAnswer:R(t) = A sin(
√
�� t) + B 
os(

√
�� t), J(t) =

√
�∕�

[
A 
os(

√
�� t) − B sin(

√
�� t)

]

(
) Using the units you found for � and �, what units must your arbitrary 
onstants have

in order for your answer to make sense? Make sure that all terms are added to things

with equivalent units and that all arguments of trig fun
tions are unitless.

Solution: Sin
e � and � have the same units the square root in the front of J(t) is

unitless, so both R and J have units of the arbitrary 
onstants, whi
h means A and B

must both have love-units. The arguments of the sines and 
osines are all

√
�� t, whi
h

is unitless sin
e � and � have units of inverse time.

(d) Suppose � is very large 
ompared to �. What does that tell us about Romeo and Juliet?

(Answer based on the original differential equations.) What effe
t will it have on their

behavior? (Answer based on your solution.)

Solution: Looking at the differential equations � ≫ � means Romeo's feelings are

mu
h more strongly affe
ted by Juliet's than the reverse. Looking at the solutions,

� ≫ � means that although their feelings with os
illate with the same period as ea
h

other, the amplitude of Romeo's os
illations will be mu
h greater. This makes sense;

sin
e his feelings are strongly affe
ted by Juliet's he will swing wildly from passionate

love to unadulterated loathing, while she moves ba
k and forth between mild attra
tion

and dislike.
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1.172 [This problem does not require a 
omputer.℄ In the example on Page 14 we solved the

equation

x

2

d

2

y

dx

2

+ x

dy

dx

+ (x2 − 9)y = 0 (x ≥ 0)

with the boundary 
ondition y(0) = 0. Explain why we 
ould have arrived at the same

solution if all we had spe
i�ed was that y(0) must be �nite. Using similar logi
, explain

why you 
annot solve this equation with the boundary 
ondition y(0) = 1.

Solution: Sin
e Y

3

(0) is unde�ned we knew C

2

had to equal zero. That left us with

C

1

J

e

(x), whi
h is automati
ally equal to zero at x = 0 regardless ofC

1

. So the requirement

that y(0) exists and is �nite is equivalent to requiring that it equal 0 in this 
ase.
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1.177 Exploration: Euler's Method By Hand [This problem does not require a 
omputer.℄

The simplest te
hnique of numeri
ally solving differential equations is �Euler's

method.� In this problem, youwill use Euler'sMethod to answer the question: Ifdy∕dx = y

and y(0) = 1, what is y(1)?

This problem asks us to follow the fun
tion from x = 0 to x = 1. We 
hoose to take

this journey in three steps, ea
h of length 1∕3.

(a) You're going to draw a slope �eld for this equation. To start, draw the axes and draw a

small segment of slope at the point (0, 1). Explain how we know that the value of the

slope at that point must be 1.

Solution: y

′(0) = y(0) = 1

(See below for the pi
ture.)

(b) Our next task is to �nd the value y(1∕3). Using the slope you found, explain how we


an know that y(1∕3) ≈ 4∕3.

Solution: From the de�nition of the derivative, y

′(x) is the amount y 
hanges per unit


hange in x. That means y(1∕3) ≈ y(0) + y

′(0)(1∕3− 0) = 1 + 1(1∕3) = 4∕3.

(
) Cal
ulate the slope of the 
urve at (1∕3, 4∕3) and use the result to draw the next entry

in your slope �eld at that point.

Solution: y

′(1∕3) = y(1∕3) ≈ 4∕3

(See below for the pi
ture.)

Final Answer: y

′(1∕3) = 4∕3

(d) Using the slope you just found, estimate the value of y(2∕3).

Solution: y(2∕3) ≈ y(1∕3) + y

′(1∕3)(2∕3− 1∕3) = 4∕3 + 4∕3(1∕3) = 16∕9

Final Answer: 16/9

(e) Cal
ulate the slope at the new point you just found and use it to draw another entry

on your slope �eld.

Solution: y

′(2∕3) = y(2∕3) ≈ 16∕9

(See below for the pi
ture.)

Final Answer: y

′(2∕3) = 16∕9

(f) Use the last slope you 
al
ulated to estimate y(1).

Solution: y(1) ≈ y(2∕3) + y

′(2∕3)(1− 2∕3) = 16∕9 + 16∕9(1∕3) = 64∕27

With this in pla
e we 
an 
omplete the slope �eld we've been drawing.

Final Answer: 64/27
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(g) We began with the question �What is y(1)?� and you answered that question in Part f.

Explain why your answer is not exa
tly 
orre
t. Your explanation should enable you

to predi
t whether the a
tual y(1) is higher or lower than your approximation.

Solution: For ea
h point of the fun
tion y(t) you 
al
ulated, you approximated the


hange in y with a 
onstant slope based on the value of the slope at the previous point.

However, in reality, the slope does not stay 
onstant, but in
reases along the way.

Therefore, in 
al
ulating ea
h point of y(t), you took the lowest value of the slope on

ea
h interval, and therefore, underestimated your value of y(1).

(h) Solve the equation dy∕dx = y with initial 
ondition y(0) = 1 analyti
ally and �nd the

exa
t, 
orre
t value for y(1). If you didn't 
orre
tly predi
t whether your approximate

answer would be too high or too low rethink your explanation and explain the result

you did get.

Solution: By inspe
tion, the general solution to dy∕dx = y is y(x) = Ce

x

. The initial


ondition y(0) = 1 gives C = 1, so y(x) = e

x

, and thus y(1) = e ≈ 2.7. The approxi-

mate answer fromEuler's methodwas y(1) ≈ 64∕27 ≈ 2.4. As predi
ted, this is lower

than the exa
t answer.

Final Answer: y(1) = e
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1.179 Parts (a)�(e) below give �ve different s
enarios for the mass of a spheri
al snowballM(t).

Mat
h ea
h one with the appropriate differential equation.

(a) Rolling down a hill, it gains 5 grams per /se
ond. I. dM∕dt = 2M

(b) Every se
ond, 5 grams melt. II. dM∕dt = M − 5

(
) Rolling, the mass doubles every se
ond. III. dM∕dt = −5

(d) Rolling along, the mass triples every se
ond. IV. dM∕dt = 5

(e) Every se
ond the snowball pi
ks up its own mass, but 5 grams melt. V. dM∕dt = M

Final Answer: (a) IV. (b) III. (
) V. (d) I. (e) II.
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1.180 A thermostat is set to keep the house temperature at a 
onstant 68

◦
C. If the temperature

rises too high, the air 
onditioner brings it down; if the temperature falls too low, the

heater brings it up. Using u for the room temperature, whi
h of the following differential

equations best represents this situation? Assume every k is a positive 
onstant with the

appropriate units.

(a) du∕dt = 68k

(b) du∕dt = 68kt

(
) du∕dt = 68ku

(d) du∕dt = k(u − 68)

(e) du∕dt = k(68− u)

(f) du∕dt = k(u + 68)

(g) du∕dt = 68k

1

(u + k

2

t)∕(u − k

2

t)

Solution: The rate of 
hange must depend on u, whi
h eliminates a and b. For a

given u the rate of 
hange is the same regardless of the time, so t 
an't appear in the

equation. That eliminates b and g. The rate of 
hange is proportional to the differen
e

between u and 68, so it must be d or e. We're told that k is positive and we know that if u

is above 68 the temperature will 
ome down (negative derivative), while if u < 68 it will


ome up du∕dt > 0. That mat
hes e but not d.

Final Answer: (e)
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1.181 DE: r

′(�) + 3r(�) = 
os �

Solution: r = (sin � + 3 
os �)∕10 + Ce

−3�

Condition: r(0) = 1

Solution:

r =
1

10

sin � +
3

10


os � + Ce

−3�

r

′ =
1

10


os � −
3

10

sin � − 3Ce

3�

r

′ + 3r = 
os �

So it works.

r(0) =
3

10

+ C = 1

So C = 7∕10.

Final Answer: r = (sin � + 3 
os�)∕10 + (7∕10)e−3�



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 177

177

1.182 DE: dx∕dt = (tx − x

2)∕t2

Solution: x = t∕(ln t + C)

Condition: x(1) = e

Solution:

x =
t

ln t + C

dx

dt

=
ln t + C − 1

(ln t + C)2

1

t

2

(tx − x

2) =
1

t

2

(
t

2

ln t + C

−
t

2

(ln t + C)2

)

=
ln t + C − 1

(ln t + C)2

So it works.

x(1) =
1

C

= e

So C = 1∕e.

Final Answer: x = t∕(ln t + 1∕e)
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1.183 DE:

dy

dx

=
(x + y) ln(x + y) − (x + 2)

x + 2

Solution: y = e

C(x+2) − x

Condition: y(0) = 10

Solution:

y = e

C(x+2) − x

dy

dx

= Ce

C(x+2) − 1

x + y = e

C(x+2)

(x + y) ln(x + y) − (x + 2)

x + 2

=
C(x + 2)eC(x+2) − (x + 2)

x + 2

= Ce

C(x+2) − 1

So it works.

y(0) = e

2C = 10

So C = (1∕2) ln(10).

Final Answer: y = 10

x∕2+1 − x
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1.184 DE:

dy

dx

=
(ln x − 1)(y2 + 1)

xy ln x

Solution: y =

√
Cx

2

(ln x)2
− 1

Condition: y(e2) = 3

Solution:

y =

√
Cx

2

(ln x)2
− 1

dy

dx

=
1

2

(
Cx

2

(ln x)2
− 1

)−1∕2 (
2Cx(ln x)2 − 2Cx(ln x)

(ln x)4

)

=

(
Cx

2

(ln x)2
− 1

)−1∕2 (
Cx ln x − Cx

(ln x)3

)

=
Cx(ln x − 1)

y(ln x)3
(ln x − 1)(y2 + 1)

xy ln x

=
(ln x − 1)Cx2∕(ln x)2

xy ln x

=
Cx(ln x − 1)

y(ln x)3

So it works.

y(e2) =

√
Ce

2

4

− 1 = 3

So C = 40∕e2.

Final Answer: y =

√
40x

2

e

2(ln x)2
− 1



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 180

180 Chapter 1 Introdu
tion to Ordinary Differential Equations Solutions

1.185 DE: V

′′(x) − 4V (x) = 6x − 4x

3

Solution: V (x) = x

3 + C

1

e

2x + C

2

e

−2x

Conditions: V (0) = 0, V (ln 2) = 1

Solution:

V (x) = x

3 + C

1

e

2x + C

2

e

−2x

V

′(x) = 3x

2 + 2C

1

e

2x − 2C

2

e

−2x

V

′′(x) = 6x + 4C

1

e

2x + 4C

2

e

−2x

V

′′(x) − 4V (x) = 6x − 4x

3

So it works.

V (0) = C

1

+ C

2

= 0

V (ln 2) = (ln 2)3 + 4C

1

+ C

2

∕4 = 1

Solving simultaneously, C

1

= −(4∕15)
(
(ln 2)3 − 1

)
and C

2

= (4∕15)
(
(ln 2)3 − 1

)
.

Final Answer: V = x

3 + (4∕15)
(
(ln 2)3 − 1

) (
e

−2x − e

2x

)
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1.186 DE: s

′′(t) − 9s + 8 = sin t

Solution: s(t) = 8∕9 − (sin t)∕10 + C

1

e

3t + C

2

e

−3t

Conditions: s(0) = 0, s

′(0) = 0

Solution:

s(t) =
8

9

−
sin t

10

+ C

1

e

3t + C

2

e

−3t

s

′(t) = −

os t

10

+ 3C

1

e

3t − 3C

2

e

−3t

s

′′(t) =
sin t

10

+ 9C

1

e

3t + 9C

2

e

−3t

s

′′(t) − 9s + 8 = sin t

So it works.

s(0) =
8

9

+ C

1

+ C

2

= 0

s

′(0) = −
1

10

+ 3C

1

− 3C

2

= 0

Solving simultaneously, C

1

= −77∕180 and C
2

= −83∕180.

Final Answer: s = 8∕9− (sin t)∕10 − (77∕180)e3t − (83∕180)e−3t
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1.187 dy∕dt = ky, y(0) = p

Solution: We 
an solve this by separating variables, but we 
an also solve it by

thinking about what it says: �The derivative of y(t) is the same as the original fun
tion

y(t) multiplied by a 
onstant k.� The solution is y = Ae

kt

for any 
onstant A. Plugging in

the initial 
ondition, y(0) = A = p.

Final Answer: y

general

(t) = Ae

kt

, y

spe
i�


(t) = pe

kt
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1.188 d

2

y∕dt2 = −16y, y(0) = 0, y

′(0) = 2

Solution: This is a simple harmoni
 os
illator equation with solution

y(t) = A sin(4t) + B 
os(4t)

The �rst 
ondition gives B = 0, so y(t) = A sin(4t). To plug in the se
ond 
ondition you

need the derivative y

′(t) = 4A 
os(4t). Plugging in y′(0) = 2 gives 4A = 2, so

y(t) =
1

2

sin(4t)

Che
king: Looking at this I 
an see that y(0) = 0 and y

′(t) = 2 
os(4t), so y

′(0) = 2. To


he
k the differential equation I 
al
ulate y

′′(t) = −8 sin(4t). This does equal −16 times

the original fun
tion, so the solution works.

Final Answer: y

general

(t) = A sin(4t) + B 
os(4t), y
spe
i�


(t) = (1∕2) sin(4t)
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1.189 du∕dx = u + 3, u(0) = 0

Solution: A more standard form would be:

du

dx

− u = 3

The 
omplementary homogeneous equation is du∕dx − u = 0 or du∕dx = u. The fun
tion

u




(x) is its own derivative, so u



(x) = Ae

x

.

To that we need to add a parti
ular solution, and u

p

(x) = −3 suggests itself be
ause

du

p

∕dx would then be zero.

The general solution is the sum of the 
omplementary and parti
ular solutions:

u(x) = Ae

x − 3. Plugging in the initial 
ondition, u(0) = A − 3 = 0 so A = 3.

Final Answer: u

general

(x) = Ae

x − 3, u

spe
i�


(t) = 3e

x − 3
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1.190 du∕dx = (2x + 1)u, u(0) = 1

Solution:We 
annot use linear superposition here be
ause the equation is not linear.

But we 
an separate the variables.

∫
du

u

= ∫ (2x + 1)dx

ln u = x

2 + x + C

u = e

x

2+x+C = e

x

2+x
e

C = Ae

x

2+x

Plugging in the initial 
ondition, u(0) = A = 1.

Final Answer: u

general

(x) = Ae

x

2+x
, u

spe
i�


(x) = e

x

2+x
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1.191 d

2

f ∕dx2 − 5df ∕dx + 6f = 0, f (0) = 0, f (1) = 1

Solution: Guess an exponential f = e

kx

and plug it in to get

k

2

e

kx − 5ke

kx + 6e

kx = 0

Fa
toring out e

kx

and fa
toring the resulting equation gives k = 2 or k = 3, so f

general

(x) =

Ae

2x + Be

3x

. The 
ondition f (0) = 0 gives B = −A and the 
ondition f (1) = 0 gives A =

1∕(e2 − e

3)

Final Answer: f

general

(x) = Ae

2x + Be

3x

, f

spe
i�


(x) = (e2x − e

3x)∕(e2 − e

3)
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1.192 d

2

f ∕dx2 − 3df ∕dx + 2f = 6e

3x

, f (0) = 0, f

′(0) = 0

Solution: To get the 
omplementary solution guess an exponential f = e

kx

and plug

it in to get

k

2

e

kx − 3ke

kx + 2e

kx = 0

Fa
toring out e

kx

and fa
toring the resulting equation gives k = 1 or k = 2, so f

C

(x) =

Ae

x + Be

2x

. To �nd a parti
ular solution try f = ae

3x

, whi
h gives

9ae

2x − 9ae

2x + 2ae

2x = 6e

2x

That means a = 3 so f

general

(x) = Ae

x + Be

2x + 3e

3x

The 
ondition f (0) = 0 gives B =

−3 − A, and the 
ondition f

′(0) = 0 gives

A + 2(−3 − A) + 9 = 0

So A = 3.

Final Answer: f

general

(x) = Ae

x + Be

2x + 3e

3x

, f

spe
i�


(x) = 3e

x − 6e

2x + 3e

3x
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1.193 With suf�
ient food and no predators, the population of tribbles multiplies by 121 every

day. However, the population is kept in 
he
k by a ravenous horde of vermi
ious knids,

who eat 12,000 tribbles a day.

(a) Write a differential equation for the number of tribbles as a fun
tion of time.

Final Answer: dP∕dt = 120P − 12000

(b) What is the equilibriumsolution to your equation? Is it a stable or unstable equilibrium?

How 
an you tell?

Solution: dP∕dt is 0 when P = 100. Therefore, whenever the population rea
hes that

number, it will always stay that number.

If P > 100, the derivative of P will be positive and will in
rease as P in
reases.

If P < 100, the derivative of P will be negative and will de
rease as P de
reases.

Therefore, if the population starts at any number other than 100 it will move away

from that number. So, the point P = 100 is an unstable equilibrium.

Final Answer: P = 100; unstable

(
) Solve your differential equation with the initial 
ondition P(0) = 125.

Solution: Using separation of variables or guess-and-
he
k, you 
an determine the

general solution to be P = Ae

120t + 100. Then, using the initial 
ondition, you 
an

determine the spe
i�
 solution to be P = 25e

120t + 100.

Final Answer: P = 25e

120t + 100
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1.194 Solve the differential equation

d

2

y

dt

2

= 3y

with initial 
onditions y(0) = 0, y

′(0) = 4

√
3.

Solution: Rewrite the equation as d

2

y∕dt2 − 3y = 0. Guess an exponential y = e

pt

and plug it in to get

p

2

e

pt − 3e

pt = 0

Fa
toring out e

pt

and solving the resulting equation gives p = ±
√
3, so y

general

(t) =

Ae

√
3t + Be

−
√
3t

.

The 
ondition y(0) = 0 gives A = −B. To plug in the se
ond 
ondition, you need

the derivative.

y

′(t) =
√
3

(
Ae

√
3t − Be

−
√

3t

)
= A

√
3

(
e

√
3t + e

−
√

3t

)

So y

′(0) = 2A

√
3 = 4

√
3 so A = 2 and B = −2.

Final Answer: y = 2e

√
3t − 2e

−
√

3t
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1.195 dy∕dx = e

x+y
.

(a) Solve.

Solution:We 
an separate the variables if we start by rewriting the problem a bit.

dy

dx

= e

x

e

y

∫ e

−y
dy = ∫ e

x

dx

−e−y = e

x + C

e

−y = −ex + C

−y = ln(C − e

x)

y = − ln(C − e

x)

Final Answer: y(x) = − ln(C − e

x)

(b) Find the solution that 
ontains the point y(0) = −2.

Solution: y(0) = − ln(C − 1) = −2 so ln(C − 1) = 2 so C − 1 = e

2

so C = e

2 + 1.

Final Answer: y(x) = − ln(e2 − e

x + 1)

(
) Demonstrate that your solution satis�es both the differential equation and the initial


ondition.

Solution:

y(x) = − ln(e2 − e

x + 1)

dy

dx

=
e

x

e

2 − e

x + 1

e

y =
1

e

2 − e

x + 1

e

x

e

y =
e

x

e

2 − e

x + 1

So it solves the differential equation.

y(0) = − ln(e2 − 1 + 1) = −2

So it solves the initial 
ondition.
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1.196 The fun
tion y = f (x) is the solution to the differential equation dy∕dx = (y − 2)2∕(x − 2)

that goes through the point (3, 0).

(a) Find the slope of this 
urve at the point (3, 0).

Solution: Plugging the point into our equation for slope, dy∕dx = (−2)2∕1 = 4.

Final Answer: 4

(b) Find a formula for the 
on
avity of this 
urve as a fun
tion of x and y. (Remember

that 
on
avity is the derivative with respe
t to x of dy∕dx. After you use the quotient

rule, your formula for 
on
avity will have x, y, and dy∕dx in it. Then you 
an repla
e

dy∕dx with (y − 2)2∕(x − 2) to get a fun
tion of x and y.)

Solution:

d

2

y

dx

2

=
2(x − 2)(y − 2)(dy∕dx) − (y − 2)2

(x − 2)2
=

2(y − 2)3 − (y − 2)2

(x − 2)2

= (y − 2)2
2(y − 2) − 1

(x − 2)2
=

(2y − 5)(y − 2)2

(x − 2)2

Final Answer: d

2

y∕dx2 = (2y − 5)(y − 2)2∕(x − 2)2

(
) Find the 
on
avity of this 
urve at the point (3, 0).

Final Answer: −20

(d) Based on your answers to Parts (a) and (
), draw a qui
k sket
h of the 
urve around

the point (3, 0).

Solution:

(e) Find the fun
tion y = f (x).

Solution:We begin by �nding the general solution by separation of variables.

∫
dy

(y − 2)2
= ∫

dx

x − 2

−
1

y − 2

= ln(x − 2) + C

y − 2 = −
1

ln(x − 2) + C

y = −
1

ln(x − 2) + C

+ 2

Our initial 
ondition tells us that y(3) = 0.

−
1

C

+ 2 = 0

Solving, C = 1∕2.

y = 2 −
2

2 ln(x − 2) + 1

Final Answer: y = 2 − 2∕ [2 ln(x − 2) + 1]
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1.197 The fun
tion V (t) follows the differential equation dV∕dt = 2V

2 + V

3 − V

4

. Predi
t the

long-term behavior of V . Your answer will 
onsist of several different statements of the

form �If V starts in this range, then it will head toward��

Solution: Fa
toring the equation, you get:

dV∕dt = −V 2(V − 2)(V + 1)

The equilibrium solutions are V = −1, 0, 2.

∙ If V starts at any of these three values, it will stay at that value forever.

∙ If the system starts with V < −1 then dV∕dt will be negative and de
reasing with

de
reasing V values, so V (t) will head toward negative in�nity.

∙ If the system starts with −1 < V < 0 then dV∕dt will be positive, so V (t) will in
rease

and approa
h V = 0 from below.

∙ If the system starts with 0 < V < 2 then dV∕dt will be positive, but this time V (t) will

in
rease and approa
h V = 2 from below.

∙ If the system starts with V > 2 then dV∕dt will be negative, so V (t) will de
rease and

approa
h V = 2 from above.

These 
on
lusions are all 
on�rmed if we make a slope �eld for the equation.
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1.198 Consider the differential equation dy∕dt = y

2

.

(a) Begin by drawing a slope �eld at all integer points in t ∈ [0, 5], y ∈ [−2, 2].

Solution:

(b) Based on looking at your slope �eld, what is lim

t→∞
y(t) if y(0) = 1? If y(0) = −1?

Solution: For y(0) = 1 the slope �eld shows it in
reasing faster and faster, so it will

approa
h∞.

For y(0) = −1 it is also in
reasing, but more slowly as it approa
hes the t-axis, so it

will asymptoti
ally approa
h zero.

Final Answer: y(0) = 1 approa
hes∞, y(0) = −1 approa
hes y = 0.

(
) Now solve the differential equationusing separation of variables. Your solution should

have an arbitrary 
onstant C.

Solution:

∫
dy

y

2

= ∫ dt

−
1

y

= t + C

y = −
1

t + C

Final Answer: y(t) = −1∕(t + C)

(d) Find two spe
i�
 solutions for the two initial 
onditions y(0) = 1 and y(0) = −1.

Solution:

−
1

C

= 1 → C = −1

−
1

C

= −1 → C = 1

Final Answer: y = −1∕(t − 1), y = −1∕(t + 1)

(e) Find lim

t→∞
y(t) for your two spe
i�
 fun
tions.

Final Answer: Both zero

(f) In one 
ase, you should �nd that the limit you predi
ted based on your slope �eld does

not mat
h the limit you predi
ted based on your solution. Explain why one (or both)

of your predi
tions was wrong.

Solution: For the starting 
ondition y(0) = −1 the system a
ts exa
tly as predi
ted,

gradually rising toward y = 0.

For the starting 
ondition y(0) = 1 we predi
ted that y would rise toward in�nity. And

indeed it does�not as t → ∞, but as t → 1

−
it blows up. After that verti
al asymptote

it starts life again in negative y-values, rising up toward zero. This may not have been

perfe
tly predi
table from the slope �eld, but it is 
onsistent with it.
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1.200 The drawing below shows dy∕dx as a fun
tion of y. lim
y→0

+
(dy∕dx) = ∞ and lim

y→∞
(dy∕dx) =

∞, and the absolute minimum o

urs where y = 3 and dy∕dx = 6. The fun
tion is unde-

�ned for y ≤ 0.

5 10 15 20

y

5

10

15

20

d
y/
d
x

Sket
h the fun
tion y(x) that goes through the point x = 0, y = 3.

Solution: From the given plot we know that dy∕dx is always positive for positive

y, so the fun
tion will in
rease. As y in
reases dy∕dx will get larger so the slope will

in
rease, meaning the 
urve will be 
on
ave up.

For x < 0 we also know y was in
reasing, but as y in
reased towards 3 the slope

dy∕dx was de
reasing. As we go to more negative x we know dy∕dx approa
hes in�nity

as y → 0, so the slope be
omes verti
al.

Sin
e the graph gives no information about y < 0 we 
an't 
ontinue to earlier values

of x.



7in x 10in Felder c01solutions.tex V3 - May 15, 2015 11:04 A.M. Page 195

195

1.201 A dish 
ontains an amount of ba
teria B(t). On average ea
h ba
teria 
ell produ
es one

new offspring ea
h day. At the same time an enzyme in the dish kills 1000 ba
teria 
ells

per day. Write a differential equation for B(t) and solve it, assuming the dish starts with

1200 ba
teria 
ells. (In writing your equation you should assume time is measured in days

andB is measured in number of 
ells.) Howmany ba
teria 
ells does the dish 
ontain after

ten days?

Solution: dB∕dt = B − 1000

Using separation of variables, you get

∫
1

B − 1000

dB = ∫ dt

ln(B − 1000) = t + C

B(t) = Ce

t + 1000

Now plug in the initial 
ondition: B(0) = C + 1000 = 1200 so C = 200.

B(t) = 200e

t + 1000

B(10) = 200e

10 + 1000 ≈ 4, 406, 293

Final Answer: B(10) = 200e

10 + 1000
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1.202 In 1930, psy
hologist Louis L. Thurstone proposed

2

that learning follows the differential

equation dp∕dt = k[p(1− p)]3∕2 where p represents mastery of a task or topi
 on a s
ale

of 0 to 1 and k is a positive 
onstant.

(a) What are the equilibrium solutions, and what do they represent about learning?

Solution: This is easiest to see with a slope �eld.

p = 0 and p = 1 are the equilibriumsolutions. They represent stageswhere no learning

happens at all. The �rst equilibrium solution tells you that you 
an't learn anything

if you don't have at least some knowledge of the topi
 to start with. The se
ond

equilibrium solution tells you that you 
an't learn any more if you already know all

there is to know about the topi
.

Final Answer: p = 0 and p = 1

(b) At what p-value does a student learn the fastest?

Solution: Sin
e how mu
h you learn is represented by dp∕dt, you need to �nd where

k[p(1− p)]3∕2 is a maximum. Take the derivative of this fun
tion and set it equal to 0.

(3∕2)k[p(1− p)]1∕2(1− 2p) = 0

The 
riti
al points are p = 0, 1, (1∕2). Sin
e we know from part (a) that p = 0 and

p = 1 represent no learning at all, the point p = (1∕2) is where learning must be the

maximum.

Final Answer: p = 1∕2

(
) Sket
h the general shape of a learning 
urve a

ording to Thurstone's model.

Solution:

This equation 
an be solved analyti
ally. We en
ourage you to have a 
omputer solve it

for you, whi
h will give you a good appre
iation for why sometimes an analyti
 solution

to an ODE is not the best way to understand it.

2

Thurstone, L.L. The Learning Fun
tion. Journal of General Psy
hology, 1930, 3, 469-493.
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1.203 We have worked several times with drag for
es proportional to velo
ity. In some 
ases

it is more a

urate to model a drag for
e as proportional to velo
ity squared: F = −kv2

where k is a positive 
onstant.

(a) Explain why this law, as written, only makes sense for positive v-values.

Solution: A drag for
e should always have an opposite sign from the velo
ity. (In

other words it should always slow you down, never speed you up!) Sin
e this equation

always gives a negative for
e, it 
an only be 
orre
t when v is positive.

(b) Using Newton's Se
ond Law, write a �rst- order differential equation for the velo
ity

of an obje
t experien
ing this drag for
e and no other for
es.

Final Answer: dv∕dt = −kv2∕m

(
) Draw a slope �eld at all integer points in t ∈ [0, 5], v ∈ [0, 2].

Solution:

(d) Based on looking at your slope �eld, what is lim

t→∞
v(t) if v(0) = 0? If v(0) = 1?

Final Answer: The limit is v = 0 in both 
ases.

(e) Solve the differential equation using the initial 
ondition v(0) = v

0

.

Solution: Separating variables

∫
dv

v

2

= ∫ −
k

m

dt

−
1

v

= −
k

m

t + C

v =
1

(k∕m)t − C

Plugging in the initial 
ondition gives v

0

= −1∕C, so C = −1∕v
0

.

Final Answer: v(t) = 1∕
[
(k∕m)t + (1∕v

0

)
]

(f) How long will it take the obje
t to rea
h 1/10 of its original speed? Your answer will

depend on k, m, and v

0

.

Solution: Plugging in v(t) = v

0

∕10 gives

v

0

10

=
1

(k∕m)t + (1∕v
0

)

k

m

t +
1

v

0

=
10

v

0

Final Answer: t

1∕10 = 9m∕(kv
0

)
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(g) Find the body's position fun
tion x(t), assuming x(0) = 0.

Solution:

x(t) = ∫ v(t)dt =
m

k

ln

(
k

m

t +
1

v

0

)
+ C

The initial 
ondition leads to

C = −
m

k

ln

(
1

v

0

)

We 
an plug this in and simplify.

x(t) =
m

k

ln

(
v

0

k

m

t + 1

)

Final Answer: x(t) = (m∕k) ln(v
0

kt∕m + 1)

(h) Draw a qui
k sket
h of x(t) for t ≥ 0.

Solution:
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1.204 Bla
k Holes and Hawking Radiation

In 1974 StephenHawking predi
ted that, due to quantumeffe
ts, bla
k holes should

lose mass. This pro
ess, sometimes 
alled �evaporation,� follows the equation dM∕dt =

−ℏ
4∕(15360�G2

M

2) where M is the mass of the bla
k hole and all other quantities are


onstants.

(a) We 
an make this equation more tra
table by grouping the 
onstants together. Let

k = ℏ
4∕(15360�G2) and rewrite the differential equation in a simpler form.

Final Answer: dM∕dt = −k∕M2

(b) Looking at your differential equation, does it predi
t that bla
k holes will grow or

shrink?Does it predi
t that large bla
k holes will 
hangemore slowly ormore qui
kly,

than small ones? Based on these fa
ts, write a brief des
ription of the life of a bla
k

hole.

Solution: Be
ause dM∕dt is negative, bla
k holes will always shrink. For large M,

dM∕dt will be less negative, so large bla
k holes will lose mass more slowly. For small

M, dM∕dt will be more negative, so small bla
k holes will lose mass more qui
kly.

Therefore, in the beginning of a bla
k hole's life, its mass will be shrinking at a given

rate, and as the bla
k hole ages, it will 
ontinue shrinking faster and faster.

Final Answer: They will shrink faster and faster.

(
) Solve the differential equation with the initial 
onditionM = M

0

.

Solution: Using separation of variables, you get

∫ M

2

dM = ∫ −k dt

1

3

M

3 = −kt + C

M(t) = (C − 3kt)(1∕3)

Plugging in the initial 
onditionM(0) = M

0

gives youC = M

3

0

, so the spe
i�
 solution

is

M(t) =
(
M

3

0

− 3kt

)(1∕3)

Final Answer: M(t) =
(
M

3

0

− 3kt

)(1∕3)

(d) Look up values of ℏ (Plan
k's 
onstant divided by 2�), 
 (the speed of light), and

G (the gravitational 
onstant). Make sure they are all in standard SI units! Put them

together to �nd the value of your 
onstant k.

Final Answer: k = 4 × 10

15

kg

3

/s

(e) The most 
ommonly observed type of bla
k hole is a �stellar bla
k hole,� whi
h has

a mass 
omparable to that of the sun: 2 × 10

31

kg. How long would su
h a bla
k hole

take to evaporate entirely?

Final Answer:

(
M

3

0

− 3kt

)(1∕3)
= 0

M

3

0

− 3kt = 0

t =
M

3

0

3k

Plugging in the givenmass and our 
al
ulated k leads to approximately t = 6.7 × 10

77

se
onds, or 2.1 × 10

70

years.

Final Answer: t = 7 × 10

77

s

(f) The universe is roughly 1.4 × 10

10

years old. Express the lifetime of a stellar bla
k

hole as a multiple of the 
urrent age of the universe.

Final Answer: The lifetime is about 10

61

times the 
urrent age of the universe.
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(g) It's possible that parti
le physi
s experiments will produ
e mi
ros
opi
 bla
k holes

with mass 
omparable to a proton: about 2 × 10

−27
kg. As of this writing, there has

been no eviden
e of su
h bla
k holes being produ
ed, but some people worry that if

they were they would destroy the Earth. How long would su
h a bla
k hole last? Is

this something we should be worried about?

3

Final Answer: t = 7 × 10

−97
s

3

Aside from the short lifetime of su
h bla
k holes, there's a simpler argument for why they 
ouldn't destroy Earth. Cosmi


rays 
onstantly strike the upper atmosphere with energies far greater than we 
an produ
e in a lab. If these experiments 
ould

produ
e anything that would destroy Earth it would have happened billions of years ago.
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1.205 Ro
ket S
ien
e

A ro
ket engine produ
es thrust by burning and expelling fuel. Newton's Se
ond

Law F = ma holds as always, but m is not a 
onstant. Assume the ro
ket begins with a

total mass ofm

0

and burns off mass at a steady rate of k (measured in mass per unit time),

produ
ing a 
onstant for
e of F.

(a) Write a fun
tion for the ro
ket's mass m(t). (This is a high s
hool algebra problem;

don't try to make it 
ompli
ated.)

Final Answer: m(t) = m

0

− kt

(b) Write a se
ond- order differential equation for the ro
ket's position x(t).

Solution:Using Newton's Se
ond Law, m(d2

x∕dt2) = F, and the equation form you

got from part (a), you have

d

2

x

dt

2

=
F

m

0

− kt

Final Answer: d

2

x∕dt2 = F∕(m
0

− kt)

(
) Be
ause your equation gives d

2

x∕dt2 as a fun
tion of t only (no x-dependen
e), you


an integrate twi
e to �nd the general solution. Your �nal answer should have two

independent arbitrary 
onstants.

Solution: You 
an take the integrals using the substitution u = m

0

− kt:

dx

dt

= ∫
F

m

0

− kt

dt

= −
F

k

ln(m
0

− kt) + C

1

x = ∫
(
−
F

k

ln(m
0

− kt) + C

1

)
dt

=
F

k

2

[
(m

0

− kt) ln(m
0

− kt) − (m
0

− kt)
]
+ C

1

t + C

2

=
F

k

2

(m
0

− kt) ln(m
0

− kt) +
(
C

1

+
F

k

)
t +

(
C

2

−
Fm

0

k

2

)

Sin
e

(
C

1

+ F∕k
)
and

(
C

2

− Fm

0

∕k2
)
are just a fan
y way of writing arbitrary 
on-

stants, you 
an redu
e them to simplyC

1

andC

2

, respe
tively, to get the �nal solution:

x(t) =
F

k

2

(m
0

− kt) ln(m
0

− kt) + C

1

t + C

2

Final Answer: x(t) = (F∕k2)(m
0

− kt) ln(m
0

− kt) + C

1

t + C

2

(d) Assuming the ro
ket begins its journey at rest at x = 0, solve for your arbitrary 
on-

stants and �nd the fun
tion x(t). Your answer will, of 
ourse, 
ontain the 
onstants F,

m

0

, and k.

Solution: Plugging in the �rst initial 
ondition x(0) = 0, you get C

2

=

−(Fm
0

∕k2) lnm
0

. The fa
t that it starts at rest means dx∕dt(t = 0) = 0, so we

need to differentiate x(t).

dx

dt

= −
F

k

ln(m
0

− kt) −
F

k

+ C

1

Setting (dx∕dt)(0) = 0 gives C

1

= (F∕k)(1 + lnm

0

). (You might think of just using

the solution you found for dx∕dt above, but you 
an't do that if you've rede�ned your
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arbitrary 
onstants sin
e then.) Putting it all together gives you:

x(t) =
F

k

2

(m
0

− kt) ln(m
0

− kt) +
F

k

(1 + lnm

0

)t −
Fm

0

k

2

lnm

0

=

(
Fm

0

k

2

−
F

k

t

)
ln

(
m

0

− kt

m

0

)
+

F

k

t

Final Answer: x(t) =

(
Fm

0

k

2

−
F

k

t

)
ln

(
m

0

− kt

m

0

)
+

F

k

t

(e) If the ro
ket begins with a mass of 5000 kg and burns mass at a rate of 60 kg/se
,

exerting a 
onstant for
e of 5,000,000 N, how fast is it going after 50 se
onds? How

far has it traveled?

Solution:With the value we found for C

1

,

dx

dt

= −
F

k

ln

(
m

0

− kt

m

0

)

At t = 50 s, this gives

dx

dt

= −
5 × 10

6

N

60 kg/s

ln

(
5000 kg− (60 kg/s)(50 s)

5000 kg

)
= 7.6 × 10

4

m/s

Meanwhile the solution x(t) gives

x(t) =

(
(5 × 10

6

N)(5000 kg)

(60 kg/s)2
−

5 × 10

6

N

60 kg/s

(50 s)

)
ln

(
5000 kg − (60 kg/s)(50 s)

5000 kg

)

+
5 × 10

6

N

60 kg/s

(50 s) = 1.6 × 10

6

m

Noti
e that the units work out 
orre
tly everywhere be
ause a N is a kg m/s

2

.

Final Answer: v(50 s) = 7.6 × 10

4

m/s, x(50 s) = 1.6 × 10

6

m.
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1.206 The Barometri
 Formula

A region is �lled with �uid (gas or liquid). This �uid is everywhere subje
ted to

the downward for
e of gravity, balan
ed by the �pressure gradient� (lower altitudes are at

higher pressure). This equilibrium is represented by the equation dP∕dz = −�g, where P

is the pressure, z is height, � is density, and g = 9.8 m/s2 is the a

eleration due to gravity.

(Deriving this equation is a physi
al problem unrelated to what we want to 
onvey in this


hapter, so we're just giving it to you.)

(a) For a liquid, density generally stays pretty 
onstant. Treating � as a 
onstant, �ndP(z).

Your answer should of 
ourse in
lude an arbitrary 
onstant.

Solution: Sin
e dP∕dz is a 
onstant, we 
an just integrate:P = −�gz + C. So pressure

in
reases linearly as depth de
reases.

Final Answer: P = −�gz + C

(b) For a gas, the ideal gas law gives the density as � = mP∕(RT ), where m is the molar

mass and R is the ideal gas 
onstant. Assuming 
onstant temperature, �nd P(z). This

result is known as the �barometri
 formula.�

Solution:

dP

dz

= −
mPg

RT

∫
dP

P

= −∫
mg

RT

dz

lnP = −
mg

RT

z + C

P = Ce

−(mg∕RT)z

Final Answer: P = Ce

−(mg∕RT)z
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1.207 [This problem depends on Problem 206.℄ In Problem 206(b) you derived the barometri


formula for pressure variation with depth by assuming a 
onstant temperature. For the

lower portion of the Earth's atmosphere, known as the troposphere, a more realisti
 model

is a linear variation of temperature with altitude: T = T

0

− kz. Cal
ulate P(z) under this

assumption.

Solution:

dP

dz

= −
mPg

R(T
0

− kz)

∫
dP

P

= −
mg

R

∫
dz

T

0

− kz

lnP =
mg

Rk

ln(T
0

− kz) + C

P =
(
e

ln(T
0

−kz)
)
mg∕(Rk)

e

C

P = C(T
0

− kz)mg∕(Rk)

Final Answer: P = C(T
0

− kz)mg∕(Rk)
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1.208 Newton's Law of Heating and Cooling

A small obje
t (su
h as a hot 
up of 
offee or a 
old soda) at temperatureQ is pla
ed

inside a roomwith ambient temperatureQ

r

. A

ording to �Newton's Law of Heating and

Cooling,� the rate of 
hange of the obje
t's temperature is proportional to the differen
e

in temperature between the obje
t and the room.

(a) Newton's Law 
an be expressed as dQ∕dt = k(Q − Q

r

) or as dQ∕dt = k(Q
r

− Q).

Both are mathemati
ally valid, but we want to 
hoose the one that will lead to a

positive k-value. (That way we know that e

kt

is blowing up and e

−kt
is approa
hing

zero.) Whi
h of these equations will give us a positive k-value? Will it work for both

the hot 
offee and the 
old soda? How 
an you tell?

Solution: If Q > Q

r

, as in the 
ase of the hot 
up of 
offee, you know that the 
offee

will 
ool down, so dQ∕dt will be negative. If you 
hoose the differential equation

dQ∕dt = k(Q
r

− Q), then (Q
r

− Q) is already negative, so k will be positive. You 
an

also test it for the 
old soda, where Q < Q

r

. The 
old soda will warm up, so dQ∕dt

will be positive. Sin
e (Q
r

− Q) is positive, then k will be positive.

Final Answer: dQ∕dt = k(Q
r

− Q)

(b) Solve Newton's Law by separating variables. Note that your fun
tion Q(t) will have

three 
onstants in it: Q

r

(the temperature of the room), k (the 
onstant of proportion-

ality), and C (an arbitrary 
onstant).

Solution:

∫
1

Q

r

− Q

dQ = ∫ k dt

− ln(Q
r

− Q) = kt + C

Q = Q

r

− Ce

−kt

Final Answer: Q(t) = Q

r

− Ce

−kt

(
) What is lim

t→∞
Q(t)?

Final Answer: Q

r

(d) A 90

◦
C 
up of 
offee pla
ed in a 70

◦
C room rea
hes 80

◦
C in ten 10 minutes. How

long will it take to rea
h 71

◦
C?

Solution:The initial 
onditionQ(0) = 90 gives you the value of the arbitrary 
onstant,

C = −20. The se
ond 
onditionQ(10) = 80 gives you the 
onstant of proportionality,

k = (1∕10)(ln 2). Therefore, your solution looks like:

Q(t) = 70 + 20e

−(1∕10)(ln 2)t

Plugging in Q = 71 and solving for t will give you t = 43.

Final Answer: 43 min
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1.209 Radioa
tive De
ay

A radioa
tive sample 
onsists of a large 
olle
tion of unstable atoms. In any given

day (or year or 
entury), every one of those atoms has a 
ertain 
han
e of de
aying,

independent of all the other atoms. Therefore, the more atoms you have, the more atoms

de
ay: dM∕dt = −kM where k is a positive 
onstant.

(a) Draw a slope �eld for this differential equation on all integer points in 0 ≤ t ≤ 4,

0 ≤ M ≤ 4 using k = 1∕2. Then draw two sample 
urves through your slope �eld.

Solution:

(b) Based on your slope �eld, what is lim

t→∞
M(t)?

Final Answer: 0

(
) Solve the differential equation with the initial 
onditionM(0) = M

0

. (Do not set k =

1∕2 as you did in Part a; leave it as an unknown
onstant that varies fromone substan
e

to another.) Does the resulting fun
tion mat
h the 
urves you drew in Part a?

Solution:

∫
1

M

dM = ∫ −k dt

M = Ce

−kt

Plugging in the initial 
ondition M(0) = M

0

gives us C = M

0

, so the �nal solution

looks like M(t) = M

0

e

−kt
. As time goes to in�nity,M approa
hes 0. So this solution

does indeed mat
h the 
urves we drew in part (a).

Final Answer: M(t) = M

0

e

−kt

(d) The �half-life� t

1∕2 of a radioa
tive substan
e is the amount of time elapsed before

M = M

0

∕2. Write a formula for the half-life as a fun
tion of k.

Solution: Plugging in M(t
1∕2) = M

0

∕2 into the solution and solving for t

1∕2, we get

t

1∕2 = (ln 2)∕k.

Final Answer: t

1∕2 = (ln 2)∕k

(e) If you measure that 10% of a radioa
tive sample has de
ayed in one day, how long

will it be until 90% de
ays?

Solution: Measuring time in days, this says that M

0

e

−k = 0.9M
0

, so k = − ln(0.9).

When 90% has de
ayed, we get M

0

e

−kt = 0.1M
0

, so t = −(1∕k) ln(0.1) =

ln(0.1)∕ ln(0.9) ≈ 22, so it will take 22 days.

Final Answer: 22 days
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1.210 [This problem depends on Problem 209.℄

(a) Uranium-235 is used in atomi
 bombs. How long does it take a sample of

235

U to

de
ay to a tenth of its original mass?

Solution: Plugging in M = M

0

∕10 into M(t) = M

0

e

−kt
and solving for t, you get

t = ln(10)∕k. To �nd the k for Uranium-235, you 
an look up the half-life of Uranium-

235 and use part (d) towrite k = (ln 2)∕t
1∕2. Youwill end upwith t = t

1∕2 ln(10)∕(ln 2).

The half-life of Uranium-235 is 703.8 million years, so t = 2, 338 million years.

Final Answer: 2,338 million years

(b) Carbon-14 is used in dating an
ient organi
 samples. How long does it take a sample

of

14

C to de
ay to a tenth of its original mass?

Solution:Using the same formula as from part (a) and the fa
t that t

1∕2 = 5, 700 years

for Carbon-14, you will get t = 19, 000 years.

Final Answer: 19,000 years
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1.211 Rate of a Chemi
al Rea
tion

When iron and sulfur are heated together, they 
an 
ombine to 
reate iron sul�de.

Ea
h time an Fe mole
ule 
ollides with an S mole
ule, there is a 
han
e that they will

form an FeS mole
ule: Fe+S→FeS.

Let f equal the number of g-moles of iron, s equal the number of g-moles of sulfur,

and p equal the numberof g-moles of iron sul�de produ
ed.The system beginswith f = f

0

,

s = s

0

, and p = 0.

(a) Explain why, at any given time, f = f

0

− p.

Solution: For every one atom of iron that disappears in the rea
tion, one mole
ule of

iron sul�de is made. Therefore, the number of g-moles of iron that disappear in the

rea
tion will be the same number of g-moles that appear as iron sul�de.

(b) Suppose at a given moment df ∕dt = −5. What is ds∕dt? What is dp∕dt?

Solution: df ∕dt represents the rate at whi
h iron disappears due to the rea
tion. Sin
e

the ratio of the sulfur that's needed to rea
t with iron is 1:1, the rate at whi
h sulfur

disappears will be the same as the rate of iron. Hen
e, ds∕dt = −5. Also, the ratio of

iron sul�de that's made 
ompared to the amount of iron that rea
ts is also 1:1. So the

rate of iron sul�de produ
tion will be dp∕dt = 5.

Final Answer: ds∕dt = −5 and dp∕dt = 5

(
) Be
ause the rea
tion depends upon random 
ollisions between Fe and S mole
ules,

the rate of rea
tion dp∕dt is proportional to the produ
t f × s. Write a differential

equation for p(t). Note that your differential equation will in
lude the variable p and

the 
onstants f

0

and s

0

, but 
annot in
lude the variable quantities f and s.

Final Answer: dp∕dt = k(f
0

− p)(s
0

− p)

(d) Solve your differential equation assuming that f

0

= s

0

.

Solution:

dp

dt

= k(f
0

− p)2

∫
1

(f
0

− p)2
dp = ∫ k dt

1

(f
0

− p)
= kt + C

p(t) = f

0

−
1

kt + C

Final Answer: p(t) = f

0

− 1∕(kt + C)
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(e) Solve your differential equation assuming that f

0

≠ s

0

. (You 
an solve this on a 
om-

puter or do it by hand using partial fra
tions.)

Solution: Using separation of variables, you get

∫
1

(f
0

− p)(s
0

− p)
dp = ∫ k dt

1

s

0

− f

0

∫
[

1

(f
0

− p)
−

1

(s
0

− p)

]
dp = kt + C

1

s

0

− f

0

ln

(
s

0

− p

f

0

− p

)
= kt + C

ln

(
s

0

− p

f

0

− p

)
= k(s

0

− f

0

)t + C

s

0

− p

f

0

− p

= Ce

k(s
0

−f
0

)t

s

0

− p = f

0

Ce

k(s
0

−f
0

)t − pCe

k(s
0

−f
0

)t

p

(
Ce

k(s
0

−f
0

)t − 1

)
= f

0

Ce

k(s
0

−f
0

)t − s

0

p =
f

0

Ce

k(s
0

−f
0

)t − s

0

Ce

k(s
0

−f
0

)t − 1

Final Answer: p(t) =
f

0

Ce

k(s
0

−f
0

)t − s

0

Ce

k(s
0

−f
0

)t − 1

(f) Find lim

t→∞
p(t). The answer will depend on whether s

0

> f

0

, s

0

= f

0

, or s

0

< f

0

.

Solution: For s

0

= f

0

we found that:

p(t) = f

0

−
1

kt + C

In this 
ase lim

t→∞
p(t) = f

0

.

For s

0

≠ f

0

we found that:

p(t) =
f

0

Ce

k(s
0

−f
0

)t − s

0

Ce

k(s
0

−f
0

)t − 1

If s

0

> f

0

the exponential terms de
ay. (We are assuming here that k > 0. Can you look

ba
k at the de�nition of the 
onstant k and see why that assumption is warranted?) In

that 
ase lim

t→∞
p(t) = f

0

.

If s

0

< f

0

the exponential terms blow up, dominating the 
onstant terms in both the

numerator. You 
an readily see (or you 
an verify using l'Hospital's rule) in this 
ase

that lim

t→∞
p(t) = s

0

.

All these results make sense. The smaller of the two rea
tants is the limiting fa
tor;

ultimately it has 
onverted entirely to FeS.

Final Answer: f

0

for s

0

> f

0

and s

0

= f

0

, s

0

for s

0

< f

0

.
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1.212 Spread of a Disease

The logisti
 equation is used to predi
t, among other things, the spread of disease

through a �xed population. For instan
e, a disease might follow the equation dP∕dt =

2P(1− P) where P is the fra
tion of the population that is infe
ted.

(a) For very low values of P, 1− P is approximately 1, so the differential equation is

approximately dP∕dt = 2P. What kind of growth is predi
ted by this equation?What

does it suggest about the me
hanism of disease spread?

Solution:This equation predi
ts exponential growth (P = Ce

2t

), so the disease spreads

exponentially fast in its beginning stages. The me
hanism is that disease spreads from

one 
ontaminated host to others, so the more disease 
arriers you have, the faster it

spreads.

Final Answer: exponential

(b) For very high values of P, 1 − P approa
hes zero, so the growth slows down. Why

does this make sense in terms of how the disease spreads?

Solution: The disease 
an only spread to the people who are still not infe
ted, whose

numbers are very small. Therefore, the growth is very small.

(
) Draw a slope �eld for this equation for P = 0, 1∕8, 1∕4, 3∕8, 1∕2, 5∕8, 3∕4, 7∕8, 1.

Ignore negative t-values.

Solution:

(d) Based on looking at your slope �eld, list the equilibrium solutions and 
lassify them

as stable or unstable.

Final Answer: P = 0 unstable, P = 1 stable equilibrium

(e) Tra
e a sample 
urve through your slope �eld, starting at P(0) = 1∕8. Your 
urve

should extend far enough to determine lim

t→∞
P(t).

Solution:
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1.213 [This problem depends on Problem 212.℄

(a) Solve the differential equation in Problem 212. (You 
an solve this on a 
omputer or

do it by hand using partial fra
tions.)

Solution:

∫
1

P(1 − P)
dP = ∫ 2 dt

∫
[
1

P

+
1

(1 − P)

]
dP = ∫ 2 dt

ln(P) − ln(1 − P) = 2t + C

ln

(
P

1 − P

)
= 2t + C

P

1 − P

= Ce

2t

P = Ce

2t − PCe

2t

P

(
Ce

2t + 1

)
= Ce

2t

P(t) =
Ce

2t

Ce

2t + 1

Final Answer: P(t) = Ce

2t∕(Ce2t + 1)

(b) Find the spe
i�
 solution that 
orresponds to the initial 
ondition P(0) = 1∕8.

Final Answer: P(t) = e

2t∕(7 + e

2t)

(
) Find lim

t→∞
P(t). Make sure it mat
hes your predi
tion in Problem 212.

Final Answer: 1

(d) Graph your solution on a 
omputer. Make sure the graph mat
hes the graph you

drew based on your slope �eld.

Solution:


